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Vertical sheaves and Fourier-Mukai transform on elliptic Calabi-Yau 

threefolds 


D.E. Diaconescu 


Abstract 

This paper studies the action of the Fourier-Mukai transform on moduli spaces of vertical 
torsion sheaves on elliptic Calabi-Yau threefolds in Weierstrass form. Moduli stacks of semistable 
one dimensional sheaves on such threefolds are identified with open and closed substacks of 
moduli stacks of vertical semistable two dimensional sheaves on their Fourier-Mukai duals. In 
particular, this yields explicit conjectural results for Donaldson-Thomas invariants of vertical 
two dimensional sheaves on K3-fibered elliptic Calabi-Yau threefolds. 
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1 Introduction 


Starting with Mukai’s work on the subject [441143j . Fourier-Mukai functors have played a central 
role in the study of moduli spaces of stable sheaves on algebraic varieties. An incomplete list of 
applications of Fourier-Mukai functors to moduli spaces of torsion free sheaves on surfaces includes 
[lllHlEllinilHslETlEolllgllMllMlEH]. Further applications to moduli spaces of torsion free sheaves 
on elliptic threefolds and higer dimensional elliptic fibrations include [laiiaiiiiizi dll dais], a 
comprehensive review of the subject and a more complete list of results can be be found in [6]. More 
recently, t-structures and moduli problems of Bridgeland stable objects in the derived category have 
been studied in [HllMlIlSllMlIMlElETldaEs] using a similar approach. 

Of particular importance for the present paper is the relative Fourier-Mukai transform for elliptic 
fibrations. This was constructed by Bartocci et al [H] and Bridgeland mm for elliptic surfaces and 
Friedman, Morgan and Witten mm for stable bundles on elliptic threefolds. The foundational 
results for elliptic threefolds used in this paper were proven by Bridgeland and Macciocia in |12j . 
The higher dimensional construction was carried out by Bartocci et al in [7]. 

An important problem in this framework is whether the Fourier-Mukai transform preserves 
Gieseker stability, in particular if it yields isomorphisms of moduli spaces of semistable sheaves. 
Several results obtained in the literature prove that this is the indeed the case for suitable open 
subspaces of moduli spaces parameterizing relatively semistable objects. However isomorphisms 
of proper moduli spaces are much harder to prove. One such result was obtained by Yoshioka in 
|55| . showing that Fourier-Mukai transform identifies moduli spaces of semistable pure dimension 
one sheaves on an elliptic surface with moduli spaces of semistable torsion-free sheaves on the 
dual surface. The main goal of the present paper is to study the analogous problem for pure 
dimension one sheaves on elliptic threefolds. As explained in more detail below this problem is 
mainly motivated by applications to Donaldson-Thomas invariants [solEI] of pure dimension two 
sheaves and modularity questions. 

1.1 The main result 

Let p : X ^ B he a smooth projective Weierstrass model with trivial canonical class over a smooth 
Fano surface B. The Mukai dual A of A was constructed in [12] as a fine relative moduli space 
for rank one degree zero torsion free sheaves on the fibers of p : A —)■ H. For sufficiently generic A 
the dual A is again a smooth Weietrstrass model p : X ^ B and there is a canonical isomorphism 
A ~ A over B. Since A is a fine moduli space, there is a (non-unique) universal Poincare sheaf V 
on A X A. The Fourier-Mukai functor : D^{X) —)■ D^{X) with kernel V was proven in [T^j to be 
an equivalence of derived categories. Moreover it was also shown there in that the inverse functor 
$ : D^{X) —7- D^{X) is also a Fourier-Mukai transform whose kernel Q is the derived dual V up to 
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a shift. A more detailed summary is provided in Section [3.11 

The main goal of this paper is to study the action of the above Fourier-Mukai functors on moduli 
stacks of Gieseker semistable torsion sheaves on X,X. In order to formulate a concrete statement 
one first needs a concrete presentation of the Kahler cones and the homology groups of X,X. As 
shown in Lemma l2.11 one has an isomorphism 

Pic(X)Aorsion ^ ^(0) ®P*'Pic{B), 

where 0 is the image of the canonical section a : B ^ X. Then any Kahler class uj G PicR(X) can 
be written as a; = tQ + p*r], with t G M, t > 0 and 77 G Pic^{B) a sufficiently ample Kahler class on 
B. In particular to = tQ — sp*Kb is a Kahler class on X for s > t > 0, where Kb is the canonical 
class of B. Lemma [Q also shows that there is a natural isomorphism Pic(A) ~ H/^{X,'L) which 
will be used implicitely throughout this paper. In particular the pairing between Kahler classes and 
homology classes will be identified with the intersection product. Using Poincare duality, Chern 
classes of sheaves on X will be also regarded as even homology classes. Finally, note the direct sum 
decomposition 

H 2 {X, Z)/torsion ^ Z(/) ® O^H 2 {B, Z) 

where a B ^ X the canonical section of the Weierstrass model and / is the elliptic fiber class. 
Of course, completely analogous statements hold for p : X ^ B, the notation being obvious. 

This paper will concrentrate on the relation between pure dimension one sheaves on X and 
vertical pure dimension two sheaves on X. According to Definition I2.3l i. a sheaf FI on X of pure 
dimension two is vertical if chi(Fl) • / = 0 and ch 2 (F') is a multiple of the fiber class /. The discrete 
invariants of a sheaf F of pure dimension one on X are given by an element 

7 = (7i)l<i<3 G H2{B, Z) © Z © Z 

where 

ch 2 (F) = (tAA) + 72 /, x{F) = 73 - 

The discrete invariants of a vertical sheaf K on A of pure dimension two are given by 

7 = ( 7 i)i<i <3 G H2{B, Z) © (1/2)Z © Z, 

where 

chAK) = p* 7 i, ch 2 (£') = 72 /, ch 3 (£') = - 73 ch 3 ( 02 ;) 

with X G A an arbitrary closed point. According to equations (13.81) . (13.91) . the induced action of 
Fourier-Mukai transform on numerical invariants is encoded in the group isomorphism 

(/> : H2{B,Z)QZQZ^H2{B,Z) © (1/2)Z ©Z, 

0(71; 72,73) = (71; 73 + Kb ■ 71/2,72). 
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Here • denotes the intersection product on B. 

Note also that Definition I2.3l ii introduces a notion of adiabatic stability for vertical sheaves on 
X which plays an important part in this paper. Given a Kahler class oj = tQ +p*r], a vertical pure 
dimension two sheaf E is called w-adiabatically semistable if and only if it is Gieseker semistable 
with respect to all Kahler classes oj' = t'Q where 0 < t' <t. 

Given Kahler classes uj = tQ — sp*Kb, w = 0 — sp*Kb with s > t > 0, s > 1, let M.^{X,j), 
M.ui{X,'y) denote the moduli stacks of Gieseker semistable sheaves with discrete invariants 7 , 7 
on X, X, respectively. Let 7 ) C 7 ) be the substack of adiabatically semistable 

sheaves as defined in l2.3l ii. Then the main result of the present paper is 

Theorem 1.1. Let 7 G H 2 {B,Z) 0 Z © Z be fixed numerical invariants such that 73 > 0. Then 
there exists a constant 51 ( 7 ) G M, 51 ( 7 ) > 1, depending on 7 , such that for any s G M, s > si(7), 
there exists a second constant ti{j,s) G M, 0 < ti{'y,s) < 1, depending on ( 7 , 5 ), such that the 
following statements hold for any t £ W, 0 < t < ti{s,^). 

(i) The Fourier-Mukai transform yields an isomorphism of moduli stacks 

where 0 = 0 — sp*Kb, u = tQ — sp*Kb and 7 = <^( 7 ). 

{ii) The substack C M.^{X,^) is open and closed in M.^^{X,'^). 

The proof of Theorem 11.11 is given in Section [3] and requires some preliminary results proven in 
Section[2l In comparison with the analogous result for elliptic surfaces |55l Thm. 3.15], one needs to 
introduce a suitable notion of generic stability for vertical pure dimension two sheaves in Definition 
E©] Then one has to further check that generic stability is equivalent to adiabatic stability in 
Lemmas 12.111 and 12.121 The proof is then given step-by-step in Section O In contrast with [551 
Thm 3.15], one cannot rule out non-adiabatic components of the moduli stack of semistable pure 
dimension two sheaves on a threefold by taking an appropriate limit of the Kahler class. However, 
as shown below, such components can be ruled out for elliptic threefolds which also admit a K2>- 
fibration structure, and for two dimensional sheaves supported on the iL3 fibers. 

1.2 Sheaf counting on elliptic iT3 pencils 

As stated in the second paragraph of the introduction. Theorem 11.11 is mainly motivated by ap¬ 
plications to Donaldson-Thomas invariants of pure dimension two sheaves on elliptic Galabi-Yau 
threefolds. These are counting invariants defined in |5Uj for stable sheaves and generalized in 
[311 [M] for semistable ones. Generating series of Donaldson-Thomas invariants for pure dimension 
two sheaves have been conjectured to have modular properties in da EO]. In the mathematics 
literature, this conjecture has been proven for certain cases in [2I1E21152]. In particular explicit 
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results for Donaldson-Thomas invariants of such sheaves on K‘i fibered Calabi-Yau threefolds were 
obtained by Gholampour and Sheshmani in [21]. For nodal KZ pencils these results are restricted 
to rank one torsion free sheaves on reduced K2> fibers. 

On the other hand, string theoretic arguments |4Ul 155] lead to a conjectural identification of 
Donaldson-Thomas invariants for vertical pure dimension two sheaves on an elliptic threefold X with 
genus zero Gopakumar-Vafa invariants on its dual X. This correspondence was first conjectured 
in m for sheaves supported on a rational elliptic surface inside X. As observed in |26] . in that 
case this follows from the results of |55] . As it stands, Theorem o does not prove such an 
identification for general vertical sheaves because the moduli stack Ad^(A, 7 ) can in principle have 
other components in addition to Xi^{X,'y). From a string theory point of view it is natural to 
conjecture that such components are absent for sufficiently small ti( 7 ,s), but mathematically this 
is an open problem. 

As shown in below, there is however one situation where such extra components can be ruled 
out. Excepting P^, all smooth Fano surfaces B have a natural projection p : B which induces 

a projection tt = pop : X ^ . The generic hber of p is a smooth reduced elliptic K3 surface on X. 

Moreover if i? is a Hirzebruch surface F^, 0 < a < 1, for sufficiently generic X, all fibers are reduced 
irreducible K3 surfaces with at most nodal singularities. Under this assumptions. Proposition 11.21 
shows that no extra components are present in the moduli space of semistable vertical sheaves 
supported on K3 hbers for suitable Kahler classes. Therefore, in such cases Theorem 11.11 yields 
explicit conjectural results for generalized Donaldson-Thomas invariants of two dimensional sheaves 
supported on the K3 fibers, verifying the modularity conjecture. 

In more detail, suppose B is the total space of the projective bundle P(Opi © Opi(a)) with 
0 < o < 1. Let p : B ^ F^ and tt = p o p : X ^ F^. For sufficiently generic X the fibers of tt are 
reduced irreducible AT 3-surfaces with at most nodal singularities. Recall that a : B ^ X denotes 
the canonical section and / denotes the hber class of p : X B. Let H denote the hber class of 
p ■. B ^F^. The K3 hber class on X is D = Then note the following. 

Proposition 1.2. Let oj = tQ — sp*Kb with s,t gF, s > t > 0. Let 7 = {rD,l,m) be arbitrary 
discrete invariants with r,l,m G 7,, r > 1. Then there exists a constant t2{'y,s) G M, t2{'y,s) > 0 
such that M.^{X,^) = M.^{X,^) for any 0 <t < t2{'y,s) such that t/s G M\Q. 

The proof of Proposition 11.21 is given in Section [H It should be noted that similar results for 
torsion free sheaves on elliptic surfaces have been obtained before in |17l Thm. 1.3.3], [461 Prop. 
1.1.6] and [541 Lemma 1.2]. Here one has to generalize these results to semistable pure dimension two 
sheaves supported on scheme theoretic thickenings of divisors in the K3 pencil, including nodal 
hbers. This requires a careful reduction to the reduced smooth surface case via Jordan-Holder 
hltrations and blow-ups. 
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Next consider numerical invariants 7 = {r3,n,k) in Theorem 11.11 where r,n,k ^ h, r,k > 1, 
n > 0. Then equations (|3.9I) yield 

71 = rT», j 2 = {k-r)f, 73 = -?!. ( 1 . 1 ) 

Let DTcj{X]r, n,k) € Q denote the generalized Donaldson-Thomas invariants counting a)-semistable 
pure dimension one sheaves on X constructed in m- According to m Thm 6.16.a], these invari¬ 
ants are independent of Co, hence the subscript will be dropped in the following. Moreover it is 
conjectured in m Conj. 6.12] that there exist integral invariants Q{X-,r,n,k) G Z related to the 
rational ones by the multicover formula 

DT{X-,r,n,k) = — :rQ(X;r lm,nlm,klm). (1.2) 

mGZ, m>l, 
m\{r,n,k) 

Alternatively the integral invariants can be conjecturally defined directly by specialization of the 
motivic invariants of Kontsevich and Soibelman [51] as explained in Section 7.1 of loc.cit. 

For a primitive vector 7 = (r, n, k) there are no strictly semistable objects, and the invariants 
DT(X;r,n,k) = Q{X]r,n,k) specialize to the integral virtual cycle invariants defined in (SOI- In 
particular this holds for k = 1. Then the resulting invariants were conjecturally identified with 
genus zero Gopakumar-Vafa invariants in |32j . 

kl{X ,r,n,l) = nQ{X ,r,n) (1-3) 

for any (r,n) G r,n > 0, (r,n) / (0,0). Here no(r,n) denotes the genus zero Gopakumar-Vafa 
invariant for curve class rai^) + nf. As shown in m, equation (11.31) follows from the GW/stable 
pair correspondence conjectured in [47| provided that the integral invariants kl{X]r,n,k) G Z are 
independent of k for fixed {r,n). Independence of fe is a special case of [511 Gonj. 6.13]. 

Let DT^{X, r, I, m) denote the generalized Donaldson-Thomas invariants counting w-semistable 
vertical two dimensional sheaves with invariants 7 = (rH, I, m) . The wallcrossing formulas of 1311 
[35] imply easily that the invariants DTa}{X,r,l,m) are independent of 00 , hence the subscript may 
be dropped. Again, Gonjecture 6.12 in m states the existence of integral invariants H(A, r, I, m) 
related to the rational ones by a multicover formula of the form ( 11 . 21 ) . 

Then Theorem 11.11 and Proposition 11.21 imply that 

DT{X-,r,n,k) = DT{X, r,k — r, n) 

for any r, n. A: G Z, r, fe > 1, n > 0. Granting the existence of integral invariants, they will be also 
related by 

H(A; r, n, k) = H(A, r,k — r, n). 
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However note that there is an isomorphism of moduli stacks A4i^(X, r, I, m) ~ r,l — r, m) for 

any {r,l,m). This is obtained by taking tensor product by the line bundle p*Ob{—Co), where Cq 
is a section of the ruling p : H —)• For concreteness let Cq be the unique section with Cq = —1 
for H = Fi and an arbitrary section with Cq = 0 for B = ¥q. Therefore 

Q{X] r, n, k) = r, k, n). (1.4) 


for any (r, n, fc), r, A: > 1, n > 0. 

Now let 

and suppose for concreteness that H = Fi. Then, granting the invariance of DT{X,r,n,k) under 
translations k k + 1 and the identification (|1.3|) one obtains 

Zx,r,k{q) = ^no(X,r,n)g”“'’/^ 

n>0 

for any r, A; € Z, r, A; > 1. 

Granting the identification (II. 3p . an explicit formula for the series Zx,r,k{q) follows from the 
work of Maulik and Pandharipande [39] on Gopakumar-Vafa invariants of K3 pencils. The explicit 
computation for the Weierstrass model over Fi was done by Rose and Yui jUj. The formula 
obtained in |48l Thm. 7.5] is written in terms of a certain transformation of modular forms defined 
in |l 8 l Def. 7.1]. Let 

/(^) = 

n 

be modular form for SL{2, Z) and r, A: G Z, r > 1. Then define fr,kiz) by 

OO 

frA^) = ^arn+k'Z^^+^' 
n=0 

where 0 < A:' < r is the unique integer in this range such that k' = k (mod r). Note that this is 
modular form for the subgroup ri(r^) C SL{2,'L) of the same weight as f{z). Then identity (|1.4p 
and |48l Thm 7.5] yield the following conjectural formula: 

Zx,rA^) = f A / \ 1 Eio{u)r,l-£ (1.5) 

where q = vJ' and A(ri) = l/p(ri)^^. 

To conclude, note two natural open problems emerging from the present work. One open ques¬ 
tion in the context of Theorem 1 1.1 1 is whether there exists a sufficiently small constant ti( 7 , s) such 
that the moduli stack A4tj(X, 7 ) coincides with the substack of adiabatically semistable objects. 
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String theoretic arguments |40l [33] lead to the conjecture that this is indeed the case. As shown in 
Proposition 11.21 this holds in the special case of vertical sheaves on elliptic K3 pencils. The proof 
given in Section S] relies on Bogomolov inequality and the algebraic Hodge theorem for surfaces. 
This leads to the interesting question whether analogous tools can be developed in general for 
vertical sheaves on elliptic threefolds. 

The second open problem is whether formula (II.Sp can be given a direct proof using degeneration 
techniques as in m- 
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2 Vertical sheaves and adiabatic stability 

This section introduces adiatically semistable vertical sheaves on elliptic Weierstrass models, and 
shows that adiabatic stability is equivalent to a natural notion of generic stability. 

2.1 Basics of Weirestrass models 

Let B be a smooth projective del Pezzo surface. Let p : V —)• B be a smooth generic Weierstrass 
model with canonical section a : B ^ X. Let 0 C V denote the image of the canonical section. 
Then 0 determines a homology class in Hi{X,'L) as well as a divisor class in Pic(V). Let / G 
H 2 {X, Z) denote the class of the elliptic fiber. The same notation • will be used for the intersection 
product on V, as well as B. The distinction will be clear from the context. 

Lemma 2.1. There are direct sum decompositions 

H^{X, I.)/torsion ^ Z(0) © P*B 2 (B, Z) H^iX, Z)/torsion ^ Z(/) © U*B 2 (B, Z), (2.1) 

Moreover, there is an isomorphism Pic(V) ~ B^(V, Z). 

Proof. 0ne proceeds by analogy with [JH] Lemma 6.1]. Note that /i^’*(V) = 0, i G {15 2}, 
and h^’^{X) = + 1 according to [ST] Sect. 11]. This implies that there is an iso- 

morphism Pic(V) ~ B^(V, Z). By Alexander-Lefschetz duality, there is also an isomorphism 
B^(A, Z) ~ B 4 (A, Z). Next recall that Pic(B) ~ B 2 (B,Z) is freely generated by rational curve 
classes Ci,..., such that the intersection matrix Is = (Cj • Cj)i<tij<h^n(B) deter¬ 

minant |det(/B)| = 1. Let Di = p*Ci G Pic(A) ~ Hi{X,'E), 1 < i < /i^’^(B). Let Ix de¬ 
note the intersection matrix between the divisor classes 0, Bi,..., and the curve classes 


/, c7*(C'i),..., on X. Straightfowrard intersection computations show that |det(/x)| = 

1 as well. This implies the isomorphisms claimed above. 

□ 

As explained in Section ll.ll the isomorphism Pic(A) ~ H 4 {X,X) following from Lemma l2.ll 
will be implicitely used throughout this paper. Moreover, Chern classes of sheaves on X will be 
identihed with homology classes by Poincare duality. Then note the following. 

Corollary 2.2. (i) A real divisor class 


Lo = tQ + p*rj, t G M, t > 0, 

is ample if and only if t] + tK b is an ample divisor class on B. 

(ii) Let C € H 2 {B,Z) be an arbitrary curve class and let S = cj*(C) + nf € (A", Z)/torsion 

with n all. Then T, is an efective curve elass if and only if C is effeetive and n > 0. 

Proof. For (i) suppose S is an effective curve class on X which contains an irreducible curve. 
Let r] G Pic(i?) be an ample class and note that 

S • p*r] = pPP • r? > 0. 

Since S contains an irreducible curve, one of the following cases must hold. 

(a) The set theoretic support of the irreducible curve in S is not contained in 0. In this case 
S-0>O. 

{b) The set theoretic support of the irreducible curve in S is contained in 0. In this case S • 0 < 0 
and S = cJ*(C) with C an effective curve class on B. Moreover, 


j:-q = c-Kb. 


Then the claim (i) follows easily. 

(ii) Let r] G Pic(B) be an arbitrary ample class. Note that for sufficiently large k > 0 there 
exists a divisor H in the linear system \kr]\ such that Z = p~^(C) does not contain the set theoretic 
support of any of the irreducible components of S. Since S is effective, this implies S -ry > 0, hence 

C ■ T] = ■ r] = T, ■ p*rj > 0. 

Since this holds for any ample class rj, it follows that C must be effective or zero. If C = 0, the 
claim is obvious. Suppose C ^ 0 and n < 0. Note that Kb ■ C ^ 0. Let s G M be a real number 
such that 

71 
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Then r] = Q — sp* Kb is an ample class on X, hence 

0 < r/ • S = (s — 1)\Kb ■ C\ — \n 
This contradicts the second inequality in (12.2p . 


□ . 


2.2 Adiabatic and generic stability 

Recall Gieseker and slope stability for two dimensional sheaves on X. Let to be an ample class on 
X. For any nonzero coherent sheaf FI on A of dimension two let 

_ a;-ch2(.g) _ x{E) 

’ w2.chi(E)/2’ ’ w2.chi(E)/2' 

Then Gieseker (semi)stability with respect to cj is dehned by the conditions 

(<) p^iE) (2.3) 

for any proper nonzero subsheaf 0 C E' C E, and 


i^u.{E') (<) (2.4) 

if the slope inequality (j2.3p is saturated. Recall that any Gieseker semistable sheaf must be of pure 
dimension. Furthermore, a pure dimension two sheaf E is Gieseker semistable if and only if the 
above inequalities are satisfied for saturated proper nonzero subsheaves i.e. E/E' pure of dimension 
two. In contrast, w-slope (semi)stability is defined by imposing only condition (j2.3p with respect 
to nonzero proper saturated subsheaves. 

For completeness, recall that the w-slope of a nonzero pure dimension one sheaf E is dehned by 

uj ■ ch.2{E) 

Such a sheaf is called Gieseker cj-semistable if and only if 

^i.{E') (<) p^{E) 

for any proper nontrivial subsheaf E' C E. In this case Gieseker a;-(semi)stability and w-slope 
(semi)stability coincide. 

Throughout this paper Gieseker stability relative to an ample class oj € Pic]R(A) will be simply 
called cj-stability. 
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Definition 2.3. (i) A pure dimension two sheaf E on X will he called vertical if and only if 

chi(^) G p*Vk{B), di 2 {E) G (1/2)Z(/). 

{ii) A vertical pure dimension two sheaf E on X will be called adiahatically oj-(semi)stable if 
and only if it is {t'Q + p*r])-(semi)stable for all 0 < t' < t. 

(Hi) A vertical pure dimension two sheaf E on X will be called adiahatically u-slope (semi)stable 
if and only if it is {t'Q + p*r])-slope (semi)stable for all 0 < t' < t. 

Note that the discrete invariants of a vertical sheaf E are given by 

chi(£;) =p*C, ch2{E) = kf, ch3(£;) = -nchs{Ox) (2.5) 

where C G Pic(i3) is an effective divisor class on S, fc G (1/2)Z and n G Z. Using the isomorphism 
Pic(i?) ~ H 2 {B,'L), this yields an element 

7 = (C, k, n) G H 2 {B, Z) 0 (1/2)Z © Z, 

as stated in Section [TJ 

Let H he a very ample divisor on B and Z = p~^{H). For sufficiently generic H in its linear 
system, Z is a smooth elliptic surface with reduced fibers. Furthermore if U is a vertical pure 
dimension one sheaf the restriction of E\z is a one dimensional sheaf set theoretically suported on 
a finite union of elliptic fibers. Basically E will be said to be generically semistable if the restriction 
E\z = E 0x Oz is an a;|^-semistable pure dimension one sheaf on Z for any sufficiently generic 
very ample divisor H on B. Technically, this notion requires a more careful definition. 

First note that given any very ample line bundle L on B the projection formula yields an iso¬ 
morphism H^{X,p*L) ~ H^{B, L) since p^Ox — Ob- Therefore the linear system \L\ parametrizes 
simultaneously divisors H C B as well as vertical divisors Z = p~^{H) in X. Let iSsm C \L\ denote 
the open subset parametrizing smooth divisors Hg such that Zg = p~^{Hg) is a smooth elliptic 
surface with reduced fibers. 

Since E is vertical of pure dimension two, its scheme theoretic support will be a divisor De on 
X of the form 

k 

De = Y,^ip-\Ci) 
i=\ 

where G Z, > 1, and C* is a reduced irreducible divisor on B for 1 < i < k. Given any very 
ample line bundle L on X there is a nonempty open subset SE,tr C Ssm such that the following 
hold for any closed point s G <S'£;,tr 

(T.l) the corresponding divisor ffg intersects each Ci transversely at finitely many smooth 
points of Ci, for 1 < i < k and 
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(T.2) Hg also intersects the discriminant A C i? of the map p : X ^ B transversely at finitely 
many smooth points of A. This implies that the elliptic fibration p\z^ ■ Zg —>• Hg will be a 
Weierstrass model with at most nodal hbers. 

Furthermore, according to |28l Lemma 1.1.13], there exists a second nonempty open subset 
'S's.pure C |L| such that E\z^ is a pure dimension one sheaf for any closed point s G SE,pure- 

Before dehning generic stability note the following lemma. The proof is straightforward and 
will be omitted. 

Lemma 2.4. Let H be a smooth projective curve and pz ■ Z ^ B a smooth Weierstrass model 
over H . Let G be a pure dimension one sheaf on Z with set theoretic support on a finite union of 
elliptic fibers. Let ujz, he arbitrary Kdhler classes on Z. Then G is ujz-semistable if and only 
if it is ui'i semistable. 

In the situation of Lemma 12.41 the sheaf G will be said to be semistable if it is cj^-semistable 
for some arbitrary polarization of Z. Given a vertical pure dimension two sheaf E and a divisor Zg 
corresponding to s € SE,tr H Se, pure the sheaf E\z^ is set theoretically supported on a finite union 
of elliptic hbers. Therefore one can formulate: 

Definition 2.5. A vertical pure dimension two sheaf E will be called generically uj-semistable if 
and only if for any very ample linear system LI = |L| on B there exists a nonempty open subset 
Se C Se, tr G 5'£:^pure C n such that the restriction E\z„ a semistable sheaf on Zg for any closed 
point s € Se- 

In the remaining part of this section it will be shown that adiabatic semistability is equivalent 
to generic semistability for vertical semistable pure dimension two sheaves. Since the proof is fairly 
long, it will be divided into several shorter steps. 

Lemma 2.6. Let E be an arbitrary pure dimension two sheaf on X and D G X a divisor such that 
E\e is a one dimensional sheaf on X. Then Tor^{O d, E) = 0 for k > 1 and there is an exact 
sequence 

0 E{-D) F -> E\d 0. 

where E{—D) = E C>x{—L>). 

Proof. This follows immediately from the standard exact sequence 

0 —> Ox{~L)) —> Ox Od —> 0 

taking a tensor product by E. Under the current assumptions, the sheaf Tori {Od, E) is one 
dimensional, hence it must vanish since E{—D) is pure of dimension two. 

□ 
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Let F be a nonzero pure dimension two sheaf on X with chi(F) € p*Pic(B). The second Chern 
class of -F is of the form 

ch2(F) = a^iap) + kpf 

where ap is a curve class on B and kp G (1/2)Z. Let H C B a sufficiently generic very ample 
divisor on B such that Z = is smooth, and F\z is a pure dimension one sheaf on Z. 

Lemma 2.7. Suppose xiF'lz) > 0. Then 


H ■ ap > 0. 

Proof. Using Lemma 12.61 and the Rieman-Roch theorem, one has 

x{F\z) = x{F) - X{F{-Z)) = Z • ch2(F). 


Then the conclusion follows. 


□ 


Lemma 2.8. Let u! = tQ — sp*Kb, G M, s > t > 0. Suppose E is a nonzero adiabatically 
Lo-slope semistable vertical pure dimension two sheaf on X. Let F C E be a nonzero proper subsheaf 
with numerical invariants 


chi(F) = p*Cp, ch 2 (F) = a^:{ap) + kpf 

where Cp is a nonzero effective divisor class on B, ap is an arbitrary divisor class on B and 
kp G {XjTfL. Then Kp ■ ap > 0. 

Proof Note that 

k ^ _ {I — s/t)KB ■ ap + kp 

{s-t/2)\KB-Cf {s-t/2)\KB-Cp\ • 

Therefore E destabilizes E for sufficiently small t > 0 unless Kp ■ ap > 0. 

□ 

The proof that adiabatic stability implies generic stability uses the same geometric construction 
as the proof of the Grauert-Miilich Theorem in [28t Sect 3.1]. 

Let L be a very ample line bundle on R, let U = H^{B, L) and LI = P(U) denote the associated 
linear system. By convention, P(U) = Proj(5*(U'^)) such that i/°(n, C)n(l)) — ■ Let K, be the 

kernel of the evaluation map e\i :V Z) Op ^ L, which is a locally free sheaf on B. According to [281 
Sect 3.1], the total space TL of the projective bundle P(/C) parametrizes pairs {H,b) with iL G LI 
and b (z FI a closed point. In more detail, note that the evaluation map determines tautologically 
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a section 9 of the line bundle 'k*L (8) 7r*Cln(l); where tt : 11 x i? ^ i? is the canonical projection. 
Then Ji is the divisor 0 = 0 in 11 x i?. In particular there are natural projections 

n^-^B 

p 

n 

Moreover, for any closed point s G 11 the scheme theoretic inverse image is the divisor 

= Oini?s = Bx{s} C SxII. Given the construction of 0, it follows that the restriction q\p-i(^s) 
maps p~^{s) isomorphically onto Hg. Let Qs : p~^{s)—>Hs denote the resulting isomorphism. 

For future reference it will be useful to provide an explicit construction for the inverse morphism 
: Hg —)• p~^{s). By restriction to Hg one obtains an exact sequence 

0 —>■ /C|hs ^ G (8> Ohs — ^B\hs 0 


where ev* = ev|//^. Let 0 Zg € V he a defining section of Hg. Then evg{zg G 1) = 0, hence there 
is a section yg G H^{Hg,IC\Hs) such that the following diagram is commutative 


0 

0 


Oh. ---0 


Vs 

fs 


evs , 


- ^V^Oh.^L\h. 


0 , 


where fg{l) = Zg0l. Then the snake lemma yields an exact sequence 


0 Coker(y 5 ) Coker(/s) ^ L\h. 0 


where Coker(/s) is locally free since fg is injective on hbers. This implies that Coker(y 5 ) is also 
locally free, hence yg is injective on fibers. Therefore yg determines a section ^g : Hg —)■ P(/C|i^^). 
The scheme theoretic image of ^g coincides tautologically with p~^{s) and 


qs o^s = Ihs- 

Note that H^{B, 1C) = 0, hence the section yg does not extend to B. However, the following lemma 
shows that ^g can be extended to a certain open subset U <Z B. 

Lemma 2.9. There exists an open subscheme U C B and a section ^ : C/ —>■ q~^{U) C H such that 

^Ih.du = CslH.nu- ( 2 - 6 ) 

Furthermore suppose C d B is a fixed effective divisor sueh that the set theoretic intersection COHg 
is a finite set of closed points. Then the open subscheme U can be chosen such that C CU. 
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Proof. Let M be a very ample line bundle on B such that M) = 0. The 

exact sequence 

Q ^ K, ®B L ^ ®B M 1C 0B M —>■ (JC ®B M)\hs 0 
yields a surjective map 

H\B,1C®bM)^H\H,,{]C®bM)\h^). (2.7) 

Since M is very ample, H^{Hs,M\}j^) is nontrivial. Let ^|J : Ohs ^\hs be a nonzero section of 
M\h. and let C Hg be the complement of the zero divisor of ip. Then 

Vs < 8 ) ■■ Ou^ lC\u^ M\u^ 

determines a section oiF{IC\u^) which coincides with Since the map (12.7p is surjective, there 

exists a nonzero section y : Ob ^ K, ®b M such that y\Hs = Vs ® 'ip- Let I C M be the image 
of the morphism KP — )• M determined by y. Then I ~ ly ® M, where ly is the ideal sheaf of a 
zero dimensional subscheme Y C B. Let ?7 C i? be the complement of Y. Then Iff is locally free, 
hence it determines a section ^ : ?7 —)• P(/C) which agrees with over U.^. 

Suppose C C B is a fixed effective divisor which intersects Hg at finitely many points. Then for 
sufficiently ample M the section ^p can be chosen such that U contains the set theoretic intersection 
C r\ Hg. Moreover the extension y can be chosen such that the support of Y is disjoint from the 
support of C. 

□ 

Analogous considerations apply to the linear system \p*L\ on X. Note that H^{X,p*L) ~ 
H^{B,L) = V since p^p*L ~ L and there is an exact sequence 

O^p*X^V0Ox ^P*L^ 0. 

Therefore the total space Z of P(p*/C) parametrizes pairs {Z,x) with Z = p~^{H) for some H in 
the linear system IT, and x G Z a closed point. Note that Z ~ 77 x^ X and there are natural 
projections 

Z^^X. 

PZ 

n 

For any closed point s G LI there is an isomorphism p^^{s) ~ P~^{s) x^ A and the restriction 
1 , , maps Pz^is) isomorphically to Zg. The inverse morphism is given by the section fg : Zg ^ 

Cs = f,s XB Ijv- 

Now let T = q’^E and let Es = for any open subset S' C LI. Recall that Ssm C \L\ 

denotes the open subset parametrizing smooth divisors Hg C B such that Zg = p~^{Hg) is a smooth 
elliptic surface with reduced fibers. Then one has the following lemma. 
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Lemma 2.10. The following statements hold for any vertical pure dimension two sheaf E on X. 

(i) There is a nonempty open subset 5fi C 11 such that the restrictions o.'nd 

are flat and the fibers p~^{s), p~f;^{s), s € 5fi are normal irreducible divisors in X, B respectively. 

(ii) There is a nonempty open subset SE,f\ C Sfi such that Fs is flat over S and E\z^ is pure 
one dimensional for any s € SE,f\- 

(in) There exists a filtration 

0 C El C ■ ■ ■ C Fj = F. (2.8) 

of F by coherent sheaves on Z which restricts to a relative Harder-Narasimhan fibration over a 
suitable nonempty open subset SE,hr\ C SE,f\- 

Proof. The first two statements are completely analogous to [281 Lemma 3.1.1]. For the third 
statement note that |28l Thm 2.3.2] implies the existence of a filtration of the form (12.81) over the 
open subset Pz^{SE,f\) C Z. However, this filtration can be extended to a filtration of sheaves on 
Z by successive applications of [25l Ex. 5.15.(d)]. 

□ 

Now one can finally prove: 

Lemma 2.11. Let uj = tQ — sp*Kb, f, s € M, 0 < f < s, and suppose E is an adiabatically u-slope 
semistable vertical pure dimension two sheaf on X. Then E is generically semistable. 

Proof. According to Definition 12.51 one has to prove the existence of a nonempty open subset 
Se C Se, tr n Se, pure such that the restriction E\z^ is a semistable pure dimension one sheaf on Zs 
for any closed point s € Se- Note that in Lemma [2.101 one has jS'e^hn C 5E,pure by construction. 
Let Se,ss C fi Se, tr be the open subset such that E\z^ is u}\zs semistable for all s G Se,ss- If 
Se,ss is nonempty, the claim follows. 

Suppose Se,ss is empty. Let s G Se^Uu FI Se, tr be a closed point. Hence Hg C B intersects the 
effective divisor Ce = '^i=i^iCi at finitely many points. Let ^ : 17 —>■ p~^{U) be a section as in 
Lemma ES] such that Ce C U. Then relation (12.61) holds: 

f.\Hsnu = f.s\Hsnu- 

Let Zg = p~^{Hs). Recall that the projection qz : Z ^ X maps Pz^{s) isomorphically to Zg and 
the inverse morphism fg : Zg ^ q'f.^{Zg) is given by 


Cs = f.s Xb lx- 

Let Xe = p~^{U). Then C = f, Xu Ixu is a section of qz over Xu such that 

ClzsnXfj CslzsHXi/ • 


(2.9) 
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Moreover De = P~^{Ce) is a subscheme of Xe- 

Let (^E '■ De ^ Z he the restriction of C to Dg. Let ip ^ J- he the first term in the filtration 
(12.81) . By construction, is injective. Since De is a subscheme of Xe, using equation (12.9p . 

one obtains isomorphisms 

Ce^i ®x Oz, ^ C*-^i ®Xu OzsnXu ®Xu C>De - C{^i\p-\s))\z,nXu ^De- (2-10) 

However i. . is a subsheaf of -i. ~ q*^ ^{E\z^)i where qz^s '■ P^^{s) Zg denotes the 

natural projection. Since Qg '■ Zg ^ is an isomorphism and qz,s o Cs = Izsj h follows that 

is a subsheaf oi E\z^. In particular it is scheme theoretically supported on De, and 
equation ()2.10p yields an isomorphism 

^C(-^i|p-i(,)). (2.11) 

Now let / = Q*^ip : Ce^^ — D and let E = Im(/) C E. Since C (.^i Ip-i(s)) is a subsheaf of 

E\z^, equation (j2.11l) implies that 

F|z, 

is also a subsheaf of . By construction this is the first term in the Harder-Narasimhan filtration 
of E\zg- Since E is vertical, Lemma lTBl implies that x{D\zs) = 0. Thefore, as E\z^ is not semistable 
by assumption, one must have x{D\zs) > 0. Then Lemma [T71 implies that ci(L) • ue > 0, where 
uf is the horizontal part of ch 2 (T) as in loc.cit. 

Let cus be the dualizing sheaf of B. Applying the above construction to L = , for sufficiently 

large m > 1, one is then led to a contradiction with Lemma 12.81 since E is assumed adiabatically 
cj-slope semistable. 

□ 

Lemma 12.111 admits the following converse. 

Lemma 2.12. Suppose to = tQ — sKb with s,t G M, s > t > 0. Let E be an u-semistahle vertical 
pure dimension two sheaf on X with numerical invariants 

ch,{E)=p*C, ch2{E) = kf 

where C is a nonzero effective divisor class on B and k G (1/2)Z. Suppose E is generically 
semistable. Then E is adiabatically oj-semistable. 

Proof. Let 0 E C E he a proper pure dimension two subsheaf of E such that G = E/E is 
also pure dimension two. Let LI be a sufficiently generic very ample divisor on B as in Definition 
12.51 and Z = p ^{H). Lemma [XU] shows that Torf{G, Oz) = 0, hence there is an exact sequence 

0 —> F\z — y E\z — y G\z — y 0. 
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Let chi(F) = p*Cf and ch 2 (F) = a^{aF) + kFf with Cf-,oif divisor classes on B, Cf nonzero, 
effective, and kF G ( 1 / 2 )Z. Since E\z is semistable by assumption, and x{E\z) = 0 , it follows that 

x{F\z) = Z ■ ch 2 (F) = H ■ OF < 0- 


In particular, for H in the linear system | — Kb\, 

KB-aF>0. ( 2 . 12 ) 


Let cj' = t'Q — sp*Kb with 0 < t' < t. Then 




s Kb • OIF 
t'{s-t'/2) \Kb-Cf\ 


1 kF -\- Kb ' OIF 
^ s-t'/2 \Kb-Cf\ 


and ^ 

= s - t'/2 \Kb • C \■ 

Since Pui{F) < p^{F), one finds 


kF + Kb ■ otF ^ 
\Kb ■ Cf\ - 


k 


Kb • OtF 


\Kb ■ C\ t \Kb ■ Cf\ 


s 

+ - 


Using (I2.12p . this implies that 


fJ'uj'iF) 




s{t' — t) Kb ■ OIF 
tt'[s — t'/2) \Kb ■ Cf\ 


< 0 


for any 0 < t' < t. Moreover equality holds for some 0 < t if and only if • aiT’ = 0. If this 
is the case, cu-stability implies that 

1^lj{F) < l^uj{F) 


which is equivalent to 

xjF) ^ xjE) 

\Kb-Cf\ - \Kb-C\' 

This implies that v^^i[F) < Fi^/{F). Therefore F is cjLsemistable. 

□ 

Let denote the moduli stack of cu-semistable pure dimension two sheaves E with 

numerical invariants 7 = {C,k,n) G H 2 {B,'L) 0 (1/2)Z © Z. Let denote the substack 

of adiabatically semistable objects. To conclude this section it will be shown that 7 ) is an 

open substack of Ait^{X, 7 ) for any discrete invariants 7 and for any Kahler class co = tQ — sp*Kb, 
s,t, € M., s > t > 0. For any 0 < t' < t < s let ujf = t'Q — sp*Kb- Then one has; 


Lemma 2.13. Suppose E is a vertical (cut, j3)-semistable sheaf with discrete invariants 7 = (C, k, n), 
C ^ 0, which is not Ufi -semistable for some 0 < t' < t. Then E is not -semistable for any 
0<t" < t'. 
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Proof. Let F C E he a, destabilizing proper non-zero subsheaf with respect to wt'-stability. This 
means that 

|J'U)^l{F) > (2.13) 

and, if equality holds, > i^lo^.i{E). At the same time, note that Huj^iF) < n^i.{E). As in the 

proof of Lemma I2.12[ let 

chi(F) = p*{Cf), ch 2 {E') = a^iap) + kpf 


where Cp is a nonzero effective curve class on B. Then the same computation as in loc.cit. shows 
that 

s{t'-t) Kb-uf 
_ ^,^ 2 ) 1 ^^ .c^[ 

Therefore inequality (j2.13j) implies that Kb ■ ap Moreover, \i Kp ■ otp = h, equality must hold 
in (I2T3D. 

Now suppose E is Wt"-semistable for some 0 < t" < t' . Then 


Pw,„{F) < Pw,„{E). 


(2.14) 


and, if equality holds, Vuj^iXE) < i^u^niE). However inequality (12.131) yields 


kp + Kb ■ oip ^ 
\Kb ■ Cf\ - 


k 

\Kb ■ C\ 


s Kb • ctF 
^^\Kb-Cf[ 


Therefore 


Puifii {E) Pojtii {E) > 


s{t" — t') Kb ■ ap 


> 0 . 


t't"{s-t"/2) \Kb ■ Cf\ 

This implies that Kp ■ ap = 0, hence equality must hold in (I2.13P and (I2.14p . However, in this 
case, f^^,{f) > i^uj^,iE), which is equivalent to 


X{F) x{E) 

\Kb-Cf\ \Kb-Cf\' 


This further implies > z/^^„(£'), leading to a contradiction. 

□ 

In order to formulate the last result of this section, let denote the coarse moduli 

scheme parameterizing S-equivalence classes of w-semistable sheaves on X. Note that according to 
[TJ Ex.8.7], Mtj(A, 7 ) is a good coarse moduli space for the moduli stack A4tj(A, 7 ). This means 
that there is a morphism g : Aii^(X,j) —> M^{X,^) satisfying the properties listed in [H Thm. 
4.16]. Let M^‘^(A, 7 ) C Afaj(A, 7 ) be the scheme theoretic image q{M^{X,^)). 


Lemma 2.14. For any Kdhler class ui = tQ — sp*Kb with s > t > 0, and for any discrete 
invariants 7, the subscheme Mff{X,^) is open in M^{X,^), and the substack A4^‘^(A, 7) is open 
in A4^(A,7). 
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Proof. For any 0 < t' < t, let At'( 7 ) be the substack of ca-semistable vertical sheaves which are 
not Wt'-semistable. Note that this is an closed substack of Ala;(A, 7) since Wf'-semistability is an 
open condition in flat families. Lemma 12.131 shows that A/t'( 7 ) C for any 0 < t” < t' < t. 

According to [TJ Thm 4.16.(i)], the morphism g is universally closed. Therefore the scheme theoretic 
image g{Mt'{'y)) is a closed subscheme Nti{'y) C Moreover and [H Thm.4.16.(iii)] implies 

that At' (7) C for any 0 < t" < t' < t. Since 7) is noetherian, it follows that the 

union = ^o<t'<t^t'il) must be a closed subscheme of M^(A, 7). Therefore its inverse image 

.N'uil) = is a closed substack of 7). To conclude the proof note that 7) 

is the complement of A/^ (7) according to Lemma 12.131 

□ 


3 Fourier-Mukai transform and stability 

This section contains the detailed proof of Theorem 11.11 Since the proof is fairly long and compli¬ 
cated, it will be divided into subsections. The first subsection reviews the basic proeprties of the 
relative Fourier-Mukai transform on elliptic hbrations. 

3.1 Basics of Fourier-Mukai transform 

The main references for this section will be and the review article [2] . Let X be a smooth 

generic elliptic Weierstrass model over a smooth Fano variety B. In particular all singular elliptic 
fibers are either nodal of cuspidal. In this subsection X will be assumed of dimension n € {2, 3} 
and not necessarily Calabi-Yau. Let X be the Altman-Kleiman compactihcation of the degree zero 
relative Jacobian of X and p : X ^ B the natural projection. This is a hne relative moduli space for 
rank one degree zero torsion free sheaves on the fibers of p, hence there is a (non-unique) universal 
rank one torsion free sheaf V on X Xb X. There is also a canonical morphism 6 : X ^ X mapping 
a closed point x £ X to Ix ® ('^(^^(^)))> where Ix C is the ideal sheaf of {x} C Xpf^^p 

and a : B ^ X is the canonical section. Under the current assumptions 9 is an isomorphism. 
Hence p : X ^ B is a smooth Weierstrass model with a canonical section a : B ^ X. 

Note that V is flat over X and also flat over X according to m Lemma 8.4]. Extending V by 
zero to X X X, let 

Q = R'Hom^^^{'P,7TxUJx)[n - 1] (3.1) 

where ttx : X x X ^ X is the canonical projection and ojx is the dualizing sheaf of X. Then m 
Lemma 8.4] proves that Q is a sheaf on X x X which is flat over both X and X. Moreover, Q is 
pure and scheme theoretically supported on X Xb X. 
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Now consider the commutative diagram 


X XbX—^X 



and define the Fourier-Mukai functors <f> : D^{X) —)■ D^{X), 

^{E) = Rp^{Lff{E)®V) 


and $ : D\X) D\X), 


^E) = Rp,{Lp*{E)0Q). 


Theorem m Thm 1.2] proves the following relations: 


(3.2) 


(3.3) 


(3.4) 


$o4> ~ Id^6(^)[-1] 4>o$ ~ Id£,6(x)[-1]. (3.5) 

For any object E in D^{X) let $*(£') denote the z-th cohomology sheaf of ^(E). Since Q is flat 
over X, the base change theorem implies that $*(^1) is nonzero only for i G {0,1}. A sheaf E on 
X is called — WITi if ^^{E) = 0 for all j ^ i. The same applies to sheaves on X with respect to 
the inverse functor $. 

For any closed point xGXleti^ : x x X ^ X x X denote the canonical embedding and 
T^x = Q = Note that Vx is isomorphic to the extension by zero of a rank one torsion free 
sheaf on the elliptic fiber Xp^^xy Since V, Q are flat over X, [111 Lemma 3.1.1] implies that 


Lfc4iP = 0, Lfc4Q = 0 


for all A: > 0. Then, using |24l Prop. III.8.8], relation (|3.1I) yields the isomorphism 


Qx ~ KHomx{Vx,^^x)[n - 1] (3.6) 

in D^{X). This implies that Qx is a pure dimension one sheaf on X with scheme theoretic support 
on Xpf^x) ■ Taking a further derived dual, one also has 

Tx-'R-T-l-omx{Qx,^^x)[n - 1] (3.7) 


Analogous results hold for the fibers of p. 

Next note the following lemma, which is a simple consequence of the definitions. 

Lemma 3.1. (i) For any closed point x G X the skyscraper sheaf Ox is ^ — WITq and 

Ch0(o4 ~ Vx. 
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(a) For any closed point x & X the Oj^-module Vx is ^ — WITi and 

^\Vx) ^ Ox. 

{Hi) Analogous results hold for closed points x € X relative to 

Further results needed in the following include |12l Lemma 9.2] and [121 Lemma 9.3] which will 
be reproduced below for convenience. 

Lemma 3.2. Let E be a sheaf on X. Then ^^{E) is $ — WITi-i for i G {0,1} and there is a short 
exact sequence 

0 ^ -^E^ $^{^^{E)) 0 . 

An analogous statement holds of sheaves E on X with ‘h and reversed. 

Lemma 3.3. A sheaf F on X is ^ — WITq if and only i/Homjj(F, Qx) = 0 for all x ^ X. 

Now suppose X is a Calabi-Yau threefold. Choosing the normalization of [2] let V be given by 

V=Z/^® p*Ox{Q) ® P*0^{e) ® 

where lx is the ideal sheaf of the diagonal AcXxsXceXxBX, ojb is the dualizing sheaf of B, 
and Q C X, Q C X are the canonical sections. This particular choice for V will be used throughout 
the remaining part of the paper. Then note that equations (17) and (18) in [21 Sect 5.3] yield the 
following formulas for the Chern characters of the Fourier-Mukai transform of vertical sheaves. 

Let T be a pure dimension one sheaf on X with 

ch 2 (F) = (T*(C) + m/, ch 3 (F) =/ch3(0£), m,l£Z. 


Then 

cho($(F)) = 0, chi($(F)) =p*C, ch 2 mF)) = {l + KB-C/2)f 

ch3(^>(.F)) = -mchsiOx). 

with X € X an arbitrary closed point. Conversely, let Fi be a vertical pure dimension two sheaf on 
X with 


chi(F;) = p*C, ch 2 {E) = kf, ch 3 (F;) = -nchs{Ox) 

where C is an effective curve class on B and k € (1/2)Z, n € Z, k = Kb ■ C/2 mod Z. Then 

choi^E)) = 0, chi($(F;)) = 0, ch 2 (S(F;)) = - nf 

ch 3 {${E)) = {-k + KB- C/2)chs{Ox). 


(3.9) 
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3.2 From sheaves on X to sheaves on X 


Lemma 3.4. Let E be a vertical pure dimension two sheaf on X. Let U C X be an arbitrary 
affine open subset. Then 4>(£')|^ is quasi-isomorphic to a three term complex of coherent locally 
free -modules 

0 ^ W-i^Wo^Wi 0 
where the degree of Wi is i for — 1 < i < 1 and fo is injective. 

Proof. Since E is pure dimension two, it has a locally free resolution 

F_2 ^ F_i ^ Fo 

L 

on X, where V-i is in degree —i for 0 < z < 2. Since p is flat and Q is flat over X, Lp*{E)®Q is 
isomorphic to the complex 


p*V-2 p*V-i (^Q^p*Vo^Q 

in D^{X xb X). Let V denote the above complex and note that each term of this complex is flat 
over X. 

Given any affine open subscheme U C X let Pjj denote the restriction of p to p~^{U). Then 
<f>(£')|^ is given by According to [23l Thm. 6.10.5] and [23l Remark 6.10.6], or 

[45l Sect 5, page 46], is quasi-isomorphic to a hnite complex W, of locally free 

O^-modules. Moreover, for any point x G C/, the cohomology group H^{W,\x) is isomorphic to the 
hyper cohomology group ]Hl*(V|^-i(£)) for all values of i. 

Next note that W, can be truncated to a three term locally free complex of amplitude [—1, 1]. 
By general properties of the Fourier-Mukai transform, ^{E)\q has nontrivial cohomology sheaves 
only in degrees 0,1 hence one can truncate kF to a locally free complex 

-^ 1F_1 -^Wo^Wi^O 

where Wi is in degree i for all i < 1. Recall that the cokernel of an injective morphism /j : Wi —)■ 
Wi-i of locally free sheaves is locally free if and only if fi is injective on hbers. Then the claim will 
follow if one shows that 

= 0 

for all z > 2. In order to prove this, note that the cohomology sheaf is isomorphic to 

the local Tor sheaf Torf{E, Qx). Then relation (|3.6I) yields isomorphisms 

^■‘(C|p-i(£)) ^ SxtY{Vx,E) (3.10) 
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for all i G Z. In particular ^~*(C'|p-i(£)) = 0, i > 3 for degree reasons, and W~^(C'|p-i(£)) = 0 since 
E is pure dimension two. Then the required vanishing result follows from the hypercohomology 
spectral sequence since the remaining cohomology sheaves of are set theoretically supported 

in dimension one. In conclusion ^>(£^)|f/ is quasi-isomorphic to a complex of the form 

0 ^ W-i^Wo^Wi 0 


where 4>o is injective. 

□ . 

Lemma 3.5. Let H he a smooth projective curve and Z he a smooth Weiestrass model over H 
with at most nodal fibers. Let F he a coherent sheaf on Z with set theoretic support on a reduced 
fiber Zh, for b G H a closed point. Suppose x{F) = 0 F is stable with respect to an arbitrary 
polarization uz- Then F is the extension by zero of a rank one torsion free sheaf G on Z^ with 
X{G) = 0. 

Proof. According to na Thm 1.1], any stable torsion free sheaf G on Zi, with xiG) = 0 must 
have rank one. Therefore it suffices to prove that F is scheme theoretically supported on Zf,. 

Since F is stable, it must be pure of dimension one. Hence it is scheme theoretically supported 
on a nonreduced divisor kZi, on Z for some A: G Z, A: > 0. Consider the morphism F-^F®zGz{Zh), 
where ( G Oz{Zh) is a dehning section. Note that Oz{Zh) — Oz{Zy) for any point b' G H \ {6}. 
Pick any such point b' and let (' G Oz{Zif) be its defining section. Obviously f is nonzero on 
Z \ Zy, hence its yields an isomorphism F <S)h GziZb) — F. Since F is assumed stable it follows 
that F-^F iZh Gz{Zb) must be either identically zero or an isomorphism. However note that 
F—^F Zz C>z{kZb) must be identically zero since F is scheme theoretically supported on kZ^. 
Therefore F-^F Zz G>z{Zb) cannot be an isomorphism, which implies that it must be identically 
zero. In conclusion F is scheme theoretically supported on the reduced hber hence it must be 
isomorphic to the extension by zero of a stable sheaf G on Z^. 

□ 

Let Pi be a vertical pure dimension two sheaf on X scheme theoretically supported on a divisor 

k 

DE = Y,^^P~'iC^) (3.11) 

i=l 

for some reduced irreducible effective divisors Q in B. Using the notation introduced above Defini- 
tion l2.5l let PA be a very ample divisor in B corresponding to a closed point s G SE,trT\SE,pure C |AP|. 
Therefore Z = p~^{H) is a smooth elliptic surface with hnitely many nodal hbers which intersects 
each component p~^{Gi) transversely along a finite collection of elliptic fibers. 
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Next note that Z = p~^{H) C X is a smooth elliptic surface isomorphic to Z over H. Moreover 
Zx^Z = (X X bH) XhZ = X Xb Z is the inverse image p~^{Z) under the projection p : X x bX —>■ 
X. In particular Z Xh X is a closed subscheme of X Xb X and p*Oz — 

j : Z XB Z —y X Xb X (3.12) 

denote the canonical closed embedding and let ^z ■ D^{Z) —>■ D’^{Z) be the Fourier-Mukai functor 
with kernel Lj*Q. 

Lemma 3.6. Suppose E is a nonzero vertical pure dimension two sheaf with scheme theoretic 
support (13.111) and let Z = p~^{H) C X be a vertical divisor as above. Then there is an isomorphism 

^\E)Z)x02^^iE^x0z) (3.13) 

Proof. Since piXx^X^Xis flat, there is an exact sequence 

0 ^ p*Ox{-Z) p*Ox P*Oz 0 

where p*Ox — ^xxbX P*^z — ^zxhZ' Hence this is a two term locally free resolution of 
^ZxhZ' Since Q is flat over X, this sequence will remain exact when one takes a tensor product 
with Q. Therefore LfQ is quasi-isomorphic to Q\zxhZ' 

Since the Fourier-Mukai transform is compatible with base change there is an isomorphism 

%z{l^i*z{E)) - LP^HE) 

in D^{Z), where : X ^ X is the natural closed embedding. However, Lemma 12.61 yields an 
isomorphism TP^E ~ E (Zx Oz in D^{Z), hence one obtains 

%z{E®x Oz)^LP^HE). 

Since ^{E) has cohomology only in degrees 0 and 1, the base change theorem |23l Thm. 7.7.5] 
implies that 

^{E (Zx Oz) ^ P^^HE) ~ % E>z- (3-14) 

□ 

Lemma 3.7. Let E be a nonzero generically semistable vertical pure dimension two sheaf on X as 
in Definition \2. 5\ Then <I>^(F1) = 0 and <I>^(F1) is a pure dimension one sheaf on X. 

Proof. Using the notation of Lemma 13.41 it suffices the prove that the complex W, is exact in 
degree 0 for any open affine subset U C X. Under the current assumptions the scheme theoretic 
support of E is of the form (|3.11l) . Note that the first Chern character of E is of the form 

k 

ch.i{E) = '^rip*{Ci) (3.15) 

i=l 
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for some integers r* € Z, > 1, 1 < i < /c. 

Let Lf be a smooth very ample divisor on B satisfying the genericity conditions in Definition 
12.51 In particular H intersects each Ci transversely at n* > 1 finitely many smooth points bi^j on 
Ci, where 1 < j < ni. The inverse image Z = is a smooth Weierstrass model over H with 

at most nodal fibers. Let F = E Zix Oz- By assumption, F is an uj\z- semistable sheaf on Z set 
theoretically supported on a finite union of elliptic fibers. According to Lemma 12.61 there is an 
exact sequence 

0 E{-Z) E ^ F ^ 0 

of sheaves on X which yields xi^) = 0 via the Riemann-Roch theorem. Moreover, the above 
sequence also implies that 

chi(F) = i|chi(E) 

as a sheaf on Z. Using a Jordan Holder filtration and Lemma l3.ll it is straightforward to check 
that F is ^z — WITi and <I>^(T) is a zero dimensional sheaf of length 

k 

xi^ziF')) = 

This holds for any very ample divisor El in B satisfying the genericity conditions in Definition 12.51 
Then Lemma 13.61 implies that the set theoretical support of is at most one dimensional. 

If it had dimension two or higher, the restriction of to a generic Z would be supported in 

dimension at least one since any effective divisor on X intersects Z along a nonempty curve. 

Let T C be the maximal zero dimensional subsheaf, and let = ^^{E)/T, which 

is a sheaf of pure dimension one. Obviously, the set theoretic support of intersects Z at 

finitely many closed points, hence Tor^(0^, $^(£')') is a zero dimensional sheaf. Then, using the 
locally free resolution 

0 ^ O^i-Z) ^ ^ O 2 ^0, 

it follows that Torf'(O^, <I>^(L1)') = 0 since O^i—Z) ^^{E)' is pure of dimension one. As the 
higher local tor sheaves are obviously zero, one obtains a quasi-isomorphism 

Moreover, since T depends only on E one can choose H sufficiently generic such that Z does not 
intersect the support of T. Then Lemma 13.61 yields an isomorphism 

^\Ey $\E) ^ $^(F). 

Since Forf- (O^, (E)') = 0 for all i > 1, the Riemann-Roch theorem yields 

x(o^ 0^3\Ey) = ch2($^(Ey)-z. 
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Therefore for any H satisfying the required genericity assumptions there is an identity 

k 

ch2{^\E)) • Z = x{^{F)) = Y^riin. 

i=\ 

However equations (13.91) imply that 

k 

ch 2 ($(£’)) = - '^ria^{Ci) - nf 
i=l 


where ch 3 (i?) = —nch^^Ox)- Therefore 


k 

ch2i^\E)) ■ Z - ch2i^°(E)) ■ Z = Y,niri. 

i=l 


In conclusion 

ch2{^^{E)) -2 = 0 

for any very ample class H in B. This implies that ch 2 (d>*^(£i)) € Q(/). However, equations (13.91) 
imply that 

chi($0(£;)) = 0 

for i € {0,1} since ^^{E) has one dimensional support. Therefore ^^{E) is set theoretically 
supported on a finite union of elliptic fibers. 

Now recall that <I>®(£i) is $ — WITi and there is an injective morphism 




according to Lemma [3. 2 1 Since ^^{E) is ^ — WITi and set theoretically supported on a finite union 
of fibers, equations (13.91) imply that will be also supported on a finite union of elliptic 

fibers. Since E is pure of dimension two, it follows that d>^(d>^(i?)) = 0, which further implies that 
^^(E) = 0 since d>^(£') is — WITi. This implies that for any open subset of X the complex W, 
constructed in Lemma 13.41 is a locally free resolution of Therefore d>^(i?) must be a pure 

dimension one sheaf on X. 

□ 

For the remaining part of this section set 


oj = tQ — sp*Kb, w = 0 — sp*Kb, 


(3.16) 


where s,t € M., s > t > 0 and s > 1. 

Let i? be a vertical w-semistable sheaf on X with numerical invariants 

chi(F;) =p*C, ch2{E) = kf, ch3(F;) = -nchs{Ox) (3.17) 
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where 0 ^ C G H 2 {B, Z) is an effective curve class, k G (1/2)Z, n G Z. Suppose E is also generically 
semistable. Then E is ^ — WITi according to Lemma 13.71 and E = ^^{E) is a pure dimension one 
sheaf on X with numerical invariants 

ch 2 (F) = <T*(C')+n/, x{F) = k-^^^. (3.18) 

Remark 3.8. Note that Lemma |g. 7| and Corollary imply that re > 0 for any sheaf E as 

above sinee ch 2 (F) must be effective. 

The next goal is to show that F is w-semistable for sufficiently large s provided that x = 
k — Kb • Cj2 > 1. This will be carried out in several steps. For hxed C, k, re as above with C 0 
effective, X > 1, re > 0, let 

S{C, k, re) = {{C\ I, m) G Pic(i?) x Z x Z | C', C — C' effective, 

I > 0, \Kb ■ C\l - \Kb ■ C'\x <0, 0 < m < re}. 

Note that \Kb ■ C'\ < \Kb ■ C\ for any {C',l,m) G S{C,k,n), hence the second defining inequality 
of S{C, k, re) yields 

0 < / < X- 

Therefore S{C,k,n) is a finite set. Moreover, 

\nl — mx\ < nx (3.19) 


for any {C',l,m) G S{C,k,n). 

Lemma 3.9. Suppose E, F are as above. Let G C F be a nonzero subsheaf such that F/G is a 
nonzero pure dimension one sheaf on X. Let 

ch 2 (G') = <7*(C'g) + mf (3.20) 

with m G'L. Suppose G is oj-semistable and fJ-^{G) > ti(z{F) for some s > 1. Then {GQ,x{G),m) G 
S{G,k,n). 

Proof. Given E,F,G as in Lemma 13.91 note that pcj{G) > TCj{F) > 0. Since G is assumed 
ch-semistable for some s > 1, Lemma 13.31 implies that G is $ — WITq. Since E is ^ — WITi and 
F = <h^(ill). Lemma 13.31 implies that <h^(G) is a subsheaf of E. Moreover equations ()3.8p yield 

chi($°(G)) =p*Gq, ch 2 (<l>°(G)) = (x(G) + Kb ■ Gg/2)/, ch 3 ($°(G)) = -rerch3(0.). 

Since G is ^ — WITq and <h^(G) is a nonzero subsheaf of E one must have Cq 0. Otherwise <h^(G) 
would be a nonzero sheaf supported on a hnite union of elliptic hbers, leading to a contradiction 
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since E is purely two dimensional. Moreover, Corollary 12.21 implies that Cq is effective and m > 0. 
Since ch. 2 {F/G) must be an effective curve class, Corollary 12.21 also implies that C = Cq + C where 
C is an effective curve class on B and n — m > 0. 

Since E is w-semistable, one also has < iJ,uj{E), which is equivalent to 

x{G)\KB-G\-xiF)\KB-CQ\<0. 

In conclusion, (Cg, x(G), m) G S{G, k, n). 

□ 

Now consider the subset 

S'{G, k, n) = {(C', I, m) € <S(C, k, n) \ \Kb ■ G\l - \Kb ■ G'\x < -1} C S{G, k, n). 

For any s G M, s > 0, let fs : S'{G, k,n) ^ M be the function 

MG', l,m) = {s- 1){\Kb ■ G\l - \Kb ■ G'\x) + {nl - my). 

Then the following is a straightforward consequence of inequality ()3.19l) . 

Lemma 3.10. For fixed G,k,n as above there exists si G M, si > 1 depending only on {G,k,n) 
such that for any s > si one has fs{G',l,m) < 0 for all {G',l,m) G S'{G,k,n). 

Lemma 3.11. For fixed {G,k,n) as above let si > 1 be as in Lemma Id.llA Then for any s > si 
the Fourier-Mukai transform F = M{E) of any uj-semistable and generically semistable sheaf E 
with numerical invariants (I3.17P is (h-semistable. 

Proof. Suppose s > si. The goal is to show that no destabilizing subsheaf G C T as in Lemma 
13.91 can exist for any pair {E,F). Suppose G C T is such a subsheaf for some pair {E,E). Note 
that p-CjiG) > piCj{E) is equivalent to 


(s - l)5i + ^2 > 0, 


(3.21) 


where 

<5i = x{G)\Kb • G| - x{HKb ■ Cq\, 52 = nx{G) - mx{F). 

According to Lemma [T9l (Gg,x(G),m) G S{G,k,n). In particular 5i < 0. Since G Z, there are 
two cases. 

(i) (5i < —1. Then according to Lemma I3.I0I 

(s - l)(5i + 52 = fsiCQ, x{G),m) < 0, 

contradicting (|3.2II) . 
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[a) (5i = 0. Solving for x(G), 82 reduces to 


<^2 = - ^\ Kb ■ c|). 

In this case fj.uj{^^{G)) = hence one must have 

< u^{E) 

since E is w-semistable. This is equivalent to 82 < 0, leading again to a contradiction. 


□ 


3.3 Prom sheaves on X to sheaves on X 

Again, consider Kahler classes of the form (I3.16P on X, X respectively. Suppose P is a pure 
dimension one sheaf on X and let L be a very ample line bundle on B. Using the same notation 
as in Definition 12.51 let Ssm C \L\ be the nonempty open subset parametrizing smooth irreducible 
divisors H G \L\ such that Z = p~^{H) is also smooth. Since E is scheme theoretically supported 
on a closed subscheme of X of pure dimension one, there exists a nonempty open subset Sp C ^sm 
such that: 

• the set theoretic intersection between Zg = p~^{Hs) and the support of E consists of finitely 
many closed points, and 

• Hg intersects the discriminant A C B transversely at finitely many points in the smooth locus 
of A. 

for any closed point s G Sp. If the above conditions are satisfied, Zg = p~^{Hg) is a smooth 
Weierstrass model over Hg with at most finitely many nodal fibers. 

Lemma 3.12. Let E be an oj-semistable pure dimension one sheaf on X with 

ch 2 (P) = a{C) + n/, x{F) > 0, (3.22) 

where C ^ 0. Then the following hold. 

(i) E is ^ — WITq and <I>^(P) is a vertical pure dimension two sheaf on X. 

(ii) Let L be a very ample line bundle on B, let H be a divisor in B corresponding to a closed 
point in Sp C \L\, and Z = p~^{H) C X. Then ^^{E) Oz is a semistable pure dimension one 
sheaf on Z. 

Proof. 

(z) Since E is w-semistable, condition (I3.22p implies that Hom^(P, Qx) = 0 for any closed point 
X (z X. Therefore Lemma 13.31 implies that P is <I> — WLTq. Moreover, equations (13.Sp imply that 
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^^{F) is a vertical two dimensional sheaf. The proof of purity is completely analogous to the proof 
of Lemma l3.4l i. 

(ii) Under the current assumptions F\z = F ^ 'zem dimensional sheaf on Z. Using the 

same notation as in Lemma 13.61 let ■ D^{Z) —)• D^{Z) denote the Fourier-Mukai functor with 
kernel T^I^xhZ' Then it is straightforward to show that (g)- O^) is a semistable sheaf on Z 

of pure dimension one set theoretically supported on a hnite union of elliptic fibers. Moreover, by 
analogy with Lemma 13.61 there is an isomorphism 


□ . 

Next let F be an cD-semistable pure dimension one sheaf on X as in Lemma 13.121 with 

di 2 iF) = a^{C)+ nf, x(T) = k- ^ >1, (3.23) 

where C is a nonzero divisor class on B and n ^ Z, k £ (1/2)Z. Note that Corollary 12.21 implies 
that C must be effective and n > 0. According to Lemma 13.121 T is $ — WITq and E = ^^{F) is 
a vertical pure dimension two sheaf on X with numerical invariants 

chi(£’) =p*C, di 2 {E) = kf, ch.:i{E) = -ndisiO^) 

where Ox is the structure sheaf of an arbitrary closed point x £ X. In the remaining part of this 
section it will be shown that E is cj-semistable for sufficiently small f > 0. This will be carried out 
in several stages. 

First suppose E = ^^{F) —» G is a nonzero pure dimension two quotient such that Puj{G) < 
pLu{E) and G is not isomorphic to E. Then G will have numerical invariants 

chi(G) = p*Gg, ch 2 (G) = a^iac) + cf, ch 3 (G) = -mdis{Ox), 

where Gq is a nonzero effective divisor class on B, ac is an arbitrary divisor class on B, and 
c,m £ (1/2)Z, c = Kb ■ GgI‘^ mod Z, m = Cg ■ (y-Gl‘^ mod Z. Since G is a quotient of E, not 
isomorphic to E, the curve class G — Cg is effective, nonzero. Therefore 


\Kb-Cg\ < \Kb-C\. 


(3.24) 


Lemma 3.13. Under the above assumptions og is an effective divisor class on B and 

c - \Kb • ogI ^ k 
\Kb-Cg\ -\Kb-C\- 

Moreover equality holds in (|3.25l) if and only if ug = 0. 


(3.25) 
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Proof. Note that 


{s/t - l)(aG ■ Kb) + c 
{s-t/2)\KB-CG\ 


Given any very ample linear system 11 on B, Lemma 13.121 shows that E\z is semistable for any 
sufficiently generic very ample divisor Lf G II, where Z = Moreover using Lemma 12.61 one 

has 

x{E\z) = ^, x{G\z) = H-aG. 


Therefore H ■ ug > 0 for any very ample divisor H on B. This implies that ug must be an effective 
divisor class on B, in particular gg - Kb <0. Then 


, . _ {s/t - 1)\Kb ■ «g| + c 
^ {s-t/2)\KB-CG\ ’ 

and inequality (j3.25p follows from the slope inequality pLuj{G) < Pi^{E). 


□ 


Lemma 3.14. There exists a constant A depending on {C,k,n) and s, but not t, such that 

\c — \Kb ■ ctcll < A 

for all quotients E = ^^{F) G as above and for all oj-semistable sheaves F with numerical 
invariants (j3.23l) . 

Proof Recall that the set of isomorphism classes of w-semistable sheaves with fixed numerical 
invariants is bounded [281 Thm. 3.3.7]. Since the Fourier-Mukai transform preserves families of 
sheaves m Prop. 6.13.], this implies that the family of sheaves E = ^^{F) is also bounded and 
depends on {C,k,n), and s, but not t. Moreover, [28l Lemma 1.7.6] implies that the same holds 
for the family Eb = a*E. 

Let rjo = —Kb, which is very ample on B. Then the set of Hilbert polynomials V = {Tt;o,Es} is 
finite and indepedent of t. Let P G V he fixed. Obviously, the set of isomorphism classes {[Eb]}p 
of sheaves Eb with fixed Prjo,EB = P is also bounded and independent of t. 

Given a quotient E ^ G, note that is also a quotient of Eb, and there is an exact 

sequence of O^-modules 

0 —> Tg —^ Gb —^ G'b — y 0 

where Tg is the maximal zero dimensional subsheaf of Gs and G^ has pure dimension one. Since 
G is pure of dimension two and has vertical support Lemma 12.61 yields an exact sequence 

0 ^ G(-0) ^ G ^ cj*Gb ^ 0. 
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Using the above exact sequence and the Grothedieck-Riemann-Roch theorem for the embedding 
Q ^ X, one obtains 


chi(G'B) = Cg, ch. 2 {GB) = (c — \Kb ■ olg\) ch 2 (Ob) 


(3.26) 


with b £ B an arbitrary closed point. Since Tq is zero dimensional, Then 

inequality ()3.25p yields 

n — I T-i . Ir 

(3.27) 




\Kb-Cg\ -\Kb-C\' 

For fixed P = Pr]o,EB ^ Qp denote the set of isomorphism classes of pure dimension one 

sheaves P on B such that 

(а) there exists an epimorphism Eb —» F, for some E = $^(T) as above with Pr]Q,EB — 

( б ) ^l^,{F)<k/\KB■C\. 

Then Grothendieck’s lemma |28l Lemma 1.7.9] implies that Qp is bounded and depends only 
on P and the bounded family {[Eb]}p- In particular it is independent of t. This implies that the 
set {PT]o,G'g}p of Hilbert polynomials of all quotients Ep ^ G'^ where Pr)o,EB = R is hnite and 
\{PriQ,G’g}p\ is bounded above by a constant depending on P and the bounded family {[EbWp-, but 
not on t. Since the whole family {[Rs]} = Up{[Eb]}p is bounded and depends only on {G,k,n) 
and s, it follows that there exists a constant Ai depending on {G,k,n) and s, but not t, such that 

Ix(G'b)I < 

for all pure dimension one quotients Ep G'^, for all E = <I>®(R) as above. 

To conclude the proof, note that x{Gb) = x(Tg)+x{G'b) > xiG'p) since Tg is zero dimensional. 
On the other hand, using equation (|3.26l) and the Riemann-Roch theorem, 

x{Gb) = c - \Kb ■ acl + \Kb ■ Gg|/2. 

Therefore, using inequality (I3.24p . 

c - \Kb • ogI > -Ai - \Kb ■ Gg|/2 > -Ai - \Kb ■ G\/2. 

At the same time inequalities (|3.24p . (I3.25P yield 

c-\KB-aG\<^-^^k<\k\. 

Therefore the claim follows. 


□ 


Lemma 3.15. There exists a constant U G M, 0 < ti < s, depending on {G,k,n) and s, such 
that for all 0 < t < ti and for any Co-semistable sheaf E with numerical invariants (I3.23P any pure 
dimension two quotient E ^ G with pL^{G) < fiw{E) is vertical, where E = <1>°(F). 
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Proof. For any 0 < t < s set ujt = tQ — sp*Kb. The numerical invariants {C,k,n) and s > 0 
are fixed in the following. 

Suppose the opposite statement holds. Given any 0 < < s, there exist 0 < t < ti, a sheaf F 

as in Lemma rd.lSI and a nonzero quotient E ^ G, not isomorphic to E, such that 
and G is not vertical. It will be shown below that this leads to a contradiction. 

Note that G has numerical invariants 


chi(G) =p*Gg, ch 2 (G) = cr*(aG) + cf, ch 3 (G) = -mch.3{Ox) 


and G is vertical if and only if ac = 0. Suppose ac 7 ^ 0. Lemma [3.131 shows that ao is effective, 
hence 




i = (3,28) 


t{s -1/2) \Kb ■ Cg\ ’ s — t/2 \Kb-Cg\ 

According to Lemma [3.141 there is a constant A depending on (C, k, n) and s, but not t, such that 

|c — \Kb • ctcll < A 

for any quotient E ^ G as above. Moreover since —Kb is very ample, the set 

{|/3 • Kb\ I 0 7 ^ /? G Pic(i?) effective} C Z>o 

is bounded from below. Let M G Z>o denote its minimum and note that \Kb-Gg\ > M, \Kb-C(g\ E 
M since Gg-,olg are effective, nonzero. 

Suppose 0 < t < 2. Then 0<s — l<s — t/2, hence 

1 A 


1-51 < 


s — 1 M 


Using inequality (I3.24h . 


Moreover, the map 


IKb ■ ogI 


> 


M 


t(s - t/2} \Kb ■ CgI t(s-t/2}\KB-C\' 
f : (0, s) ^ M, f(t} = 


t(s — t/2) 

is a decreasing function of t on the interval 0 < t < s for fixed s > 0 , and limt_>.o/(t) = + 00 . 
Therefore there exists a constant 0 < < min{s, 2} depending on (C, k, n) and s such that for any 

0 < t < ti. 


k-ui{G) > 


1 


\k\ 


+ 1 


(s - 1) \Kb • G| 

for all quotients G as in Lemma 13.151 with og 7 ^ 0. In order to conclude the proof note that under 
the current assumptions 


ME)\ = 


\k\ 


< 


1 


\k\ 


{s-t/2)\KB-G\ - is-1) \Kb-C\ 
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for any 0 < t < ti, leading to a contradiction. 


□ 


Lemma 3.16. Let s > si be fixed, where si > 1 is a constant as in Lemma [233 dnd 0 < t < ti 
where ti is a constant as in Lemma \3.15\ for fixed {C, k, n) and s. Then the Fourier-Mukai transform 
E = of any Qj-semistable sheaf F with numerical invariants (I3.23P is uj-semistable for all 

0 <t <ti. 

Proof. Recall that under the current assumptions 

xiF) = k-^^^>l. 

Let E ^ G he a nonzero pure dimension two quotient of E such that G is w-semistable and 
destabilizes E. This means either 

hUG) < _ i/2) . C| 

or fiujiG) = HujiE) and 

n^{G) < i^ujiF). 

According to Lemma 13.151 G must be vertical i.e. 


chi(G) = p*Gg, ch 2 (G) = cf, ch 3 (G) = -mch 3 ( 0 .) 

where Gq is a nonzero effective divisor class on B and c G (1/2)Z, m (z Z, c = Kb ■ GGf‘2^ mod Z. 
Therefore 

= is-t/2)\KB-CG\' 

At the same time E is generically semistable according to Lemma 13.121 Hence, given any very 
ample linear system H on B, E\z is semistable for any sufficiently generic very ample divisor 
H £ II, where Z = p~^{E[). Moreover Lemma 12.61 yields x{E\z) = x{G\z) = 0. This implies that 
G must be generically semistable as well. Then Lemma 13.71 implies that G is — WITi and ^>^(G) 
is pure dimension one. Furthermore the epimorphism E G yields an epimorphism F —» <h^(G). 
Therefore 

< pd^\G)) (3.29) 

since F is ch-semistable. The numerical invariants of $^(G) are 

ch 2 ($^(G)) = <7 *(Gg) + mf, x{^\G)) =c-Kb- Cg/2. 

Note that Corollary 12.21 implies that 0 < m < n. Moreover, > 0 since x{E) > 0 under 

the current assumptions. At the same time, the slope inequality Pui{G) < Pu]{E) is equivalent to 
(5i < 0 , where 

= x{^\G))\Kb • G| - x(F)|/Cb • Cg|. 
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In conclusion {Cg, x{^^iG)),m) G S{C, k, n), where 5(6*, k, n) is the finite set defined above Lemma 

[3:91 

The slope inequality (|3.29l) is equivalent to 

(s — l)(5i + (^2 ^ 0 , 


where 

^2 = nx($HG')) - mx{F). 

Since hi G Z, one has to distinguish two cases. 

(i) hi < —1. In this case 

(s-l)hi + h 2 = /.(CG,x($HG')),m) <0 

where fs ■ S'{C,k,n) —>■ M is the function defined above Lemma 13.101 Obviously, this leads to a 
contradiction. 

(ii) Suppose hi = 0. This implies 

-52 = ■ Cg\ - m\KB • Cl). 

However in this case ^u){G) = hence one must have 

u^{G) < u^{E), 

which is equivalent to n\KB ■ Gg\ — th\Kb • C| < 0. Since x{F) > 0, this implies h 2 < 0, leading 
again to a contradiction. 

□ 


3.4 Proof of Theorem 11.11 

This subsection concludes the proof of Theorem ll.il Let 7 G H 2 {B, Z) © Z 0 Z be fixed numerical 
invariants with 71 an effective curve class on B, and % > 0. Let 7 = (pix). Let 51 ( 7 ) > 1 be 
a constant as in Lemma 13.101 For any s G M, s > 51 ( 7 ), let ti( 7 ,s) G M, 0 < ti( 7 ,s) < s be a 
constant as in Lemma 13.151 Let 

uj = tQ — sp*Kb, 0 = 0 — sp*Kb- 

Lemmas 13.121 and 13.161 prove that any ta-semistable sheaf F with numerical invariants 7 is 
-h — WITq and ^^(F) is an w-semistable vertical pure dimension two sheaf E on X with invariants 
7 . Moreover E is also generically semistable. Conversely, Lemmas 13.71 and 13.111 prove that any 
(u-semistable and generically semistable vertical sheaf E with numerical invariants 7 is <I> — WITi 
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and is an w-semistable sheaf on X with invariants 7 . Furthermore, Lemmas 12.111 and 12.121 

prove that generic semistability is equivalent to adiabatic semistability for w-semistable sheaves. 

In order to conclude the proof of Theorem ll.ll i. note that the Fourier-Mukai transform preserves 
flat families of sheaves m Prop. 6.13.]. 

For the second statement, note that the substack is open in A4u}{X,j) according 

to Lemma 12.141 Moreover, let Mcj[XMi^(X,'y) be the coarse moduli schemes parameterizing 
S'-equivalence classes of semistable sheaves. As noted above Lemma [2.141 according to [H Ex. 8.7], 
the coarse moduli schemes are good moduli coarse moduli spaces for the moduli stacks A 1 ( 2 ,(X, 7 ), 
AiujiX,j). Using [H Thm 4.16], this yields a commutative diagram 

MUX MUX, j) 

Q Q 

Mi(X,7 )—Ua4(X,7) 

where factors through the natural embedding M^{X, 7 ) C Mcj{X, 7 ). In the above diagram / is 
a morphism of schemes, and the vertical morphisms are those constructed in [H Thm 4.16]. Since 
both coarse moduli spaces are projective, it follows that / is proper. At the same time, according 
to Lemma [2.14l the scheme theoretic image M^^{X,U = Q{Mf^{X,'y)) is open in M^{X,U- Since 
/ is proper and M^{XU) is projective, it follows that 7 ) is open and closed in MUX,U- 

Therefore 7 ) is open and closed in Muj{X,U- 

□ 


4 Vertical sheaves on elliptic K3 pencils 

Using the notation in Section [T21 let X be a smooth generic Weierstrass model over the Hirzebruch 
surface i? = Fa, 0<a<l. Let tt : X —>■ be the natural projection to P^. Note that all fibers of 
TT are reduced irreducible elliptic X3-surfaces in Weierstrass form. For sufficiently generic X, the 
generic K3 fiber is a smooth Weierstrass model and the singular fibers will be Weierstrass models 
with hnitely many isolated type Ii and I 2 fibers. In particular all singular K3 fibers are reduced, 
irreducible with isolated simple nodal singularities. This will be assumed throughout this section. 

Let H G Pic(i?) ~ H2{B,7 j) denote the fiber class of the Hirzebruch surface and note that the 
K3 fiber class is D = p*'E £ Pic(X) ~ 7 / 4 (X, Z). Let uj = t& — sp*Kb be a Kahler class on X with 
t, s £ M., 0 < t < s. In order to simply the notation the pushforward £ H 2 {X,'L) of a curve 
class on B will be denoted by C. The distinction will be clear from the context. 

First note the following simple fact. 
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Lemma 4.1. Let E be a nonzero pure dimension two sheaf set theoretically supported on a finite 
union of K3 fibers. Then 

dii{E) = rD, ch 2 {E)=mE + lf (4.1) 

for some r,m,l G Z, r > 1. 

Proof Let Cq G H 2 {B,'E) be a section class with Cq = —a for B = Fa, 0 < a < 1. Let 
Dq = p*Cq G Hi{X,'L). According to Lemma l2.II 

Hi{X, Z)/torsion — D, 0 ), H 2 {X, Z)/torsion — 'Ti{Cq, S, /). 

Obviously chj(Fl) • = 0 in the intersection ring of X for 1 < i < 3 since under the current 

assumptions E ze E Ox{—L)) and = 0. Then the claim follows easily from Lemma l2.II and 
the following relations in the intersection ring of X: 

Do-D = f, D-D = 0, e-D = E 

(4.2) 

Co-D = l, E-D = 0, / . D = 0. 

□ 

Now suppose L : S ^ X is a singular K3 fiber. Under the current genericity assumptions S is 
an elliptic surface over in Weierstrass form with finitely many type Ii and I 2 fibers. Therefore 
S will have finitely many isolated simple nodes and the singular locus of S is disjoint from the 
canonical section of the Weierstrass model. Let p : 5 —)■ S' be a smooth crepant resolution of 
singularities and let (/> = t o p : S —)• A. Let E = (f*Q, f = 4>*Dq be induced divisor classes on S. 
Let also ei,... ,ek denote the exceptional (—2) curve classes on S and note that 

§2 =-2, H-/=l, p = 0, ei-E = ei-f = 0, l<i<k, (4.3) 

in the intersection ring of S, and 


(fifCi = 0, 1 < i < A:. 


Then note the following. 

Lemma 4.2. {i) Let l : S ^ be a smooth K3 fiber of X and E a torsion free sheaf on S such that 
chi{i^E) = rD, ch 2 (t*F) = mE + If, chfit^tE) = —nciifiOx) 
for some Z,m, n,r G Z, r > 1. Then 

cho(F) = r, chi(F) = mS +//+/3, c\i 2 {F) =-nc\i 2 {Os) 

for a curve class fi G H 2 {S, Q) such that f3-E = /3-f = 0in the intersection ring of S and i*/3 = 0. 
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(a) Let i : S ^ be a singular K3 fiber of X and F a torsion free sheaf on the resolution S such 
that 

c]ii{4>^,F) = rD, ch 2 ((/)*F) = mH +//, ch3{4>^F) =—nchs{Ox) 

for some Z,m, n,r G Z, r > 1. Then 

k 

cho(F) = r, chi{F) = mE + lf + fi F’^pid, di 2 {F) =-hch 2 {Os) 

i=l 

for some Pi G Q, l<i<k,hGTi,h<n, and a curve class fi G H 2 {S, Q) such that 

fi-E = fi-f = fi-ei = 0, 1 <i <k 

in the intersection ring of S and (/>*/3 = 0. 

Proof For (i) note that the Grothendieck-Riemann-Roch theorem yields 

cho(F) = r, t*chi(F) = mE + If, di 2 {F) = -nchsiOs) (4.4) 

with s G S a closed point. Then the push pull formula yields 

chi(F) ■E = l — 2m, chi(F) ■ f = m 
in the intersection ring of S. Therefore 

chi(F) = mE + lf + fi 

where fi G H 2 {S,Z) is orthogonal to E,f. Moreover the second equation in (14.41) implies = 0. 

(ii) Since cp = l o p and p : S ^ S is an isomorphism onto the smooth open part of S, Efcp^^F 
is a zero dimensional sheaf supported at the nodes of S. Then the Grothendieck-Riemann-Roch 
theorem gives 

cho(F) = r, 4>^ch.i{F) = mE + If, 4>^ch.2{F) = —nchfiOx) + chfiR^fi^F). 

The remaining part of the proof is analogous to (z). 

□ 

For any pure dimension two sheaf E with scheme theoretic support on a reduced nodal K3 
fiber S C X, let Fe = (/>*F/torsion. Note that given an ample class ui on X, the real divisor class 
Cbx = A(^*(a;| 5 ) — ample on S for sufficiently large A G M, A > 0. Then the following 

result is similar to |29l Lemma 2.1]. 

Lemma 4.3. Let l : S ^ X be a reduced nodal K3 fiber. Let E be a nonzero uj-slope stable 
pure dimension two sheaf on X set theoretically supported on S. Then E is scheme theoretically 
supported on S and Fe is ujx-slope stable for sufficiently large A > 0. 
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Proof. Proving that E is scheme theoretically supported on S is completely analogous to 
Lemma 13.51 The details will be omitted. For the second statement, by construction there is an 
exact sequence 

0 ^ Fe^O 

where T is set theoretically supported on the exceptional locus of p. This yields a second sequence 

0 —y (pfE —y E — ycp^FE —y PEfET —y • • • 

where (p^T, R^cp^T are set theoretically supported on the singular locus 5^'"® C 5, which consists of 
fintely many points. Moreover there is a natural morphism g : E —>■ <p^(p*E which is an isomorphism 
on the smooth locus S \ The morphism f og : E ^ (P*Fe is also an isomorphism on 5 \ 

hence it must be injective since E is purely two dimensional. In conclusion there is an exact 
sequence 

0^ E ^ (P^Fe^T 0 (4.5) 

with T zero dimensional. This implies that Pui{E) = Pu){(P*Fe). 

If r = 1, Fe is a rank one torsion free sheaf which is slope stable for any polarization of S. 
Recall that slope stability is defined with respect to saturated nonzero test subsheaves as in [28l 
Sect. 1.6]. 

Let r >2 and suppose G C Fe is a nonzero proper saturated subsheaf of rank 1 < r' < r — 1. 
Then (p^G is a subsheaf of (P^^Fe- Let I C T, G C 4>*G be the image and respectively the kernel of 
/j^ g in the exact sequence (|4.5I) . Then I is zero dimensional and G is a subsheaf of E. This implies 
that Puj{G) = Pui{(p*G), hence Pui{(p*G) < Poj{E) = Pu){(P*Fe) since E is cu-stable by assumption. 
Therefore 

(/chi(FE) — rchi(G)) • (p*u) > 0. (4.6) 

Let Ao > 0 be fixed such that ojq = Xo(p*uj — Ci is ample on S. The subsheaves G C Fe 
are of two types: 

a) (r'chi(F") — rchi(G)) • wq > 0. Then, using inequality (14.6p . 

(cjo + X(p*cu) ■ (r'chi(EE) — rchi(G) > 0 (4.7) 


for any A > 0. 

b) (rThi(FE) — rchi(G)) • cjq < 0. According to Grothendieck’s Lemma [281 Lemma 1.7.9] the 
family of such subsheaves is bounded for fixed Fe and uq. Therefore there exists a constant ci > 0 
depending on Fe, ujq such that 

(r'chi(FE) — rchi(G)) • <p*uj > ci 
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for any subsheaf G of type ( 6 ). Furthermore there is a second constant C 2 > 0 depending on F, ujq 
such that 

(r'chi(F£;) - rchi(G)) • loq > -C 2 

for any such subsheaf. This implies that there exists a sufficiently large A > 0 such that inequality 
(SID holds for all subsheaves of type ( 6 ) as well. In conclusion Fe is {loq + A(^*w)-slope stable. 

□ 

Now recall that the discriminant of a rank r > 1 torsion free sheaf T on a smooth projective 
surface S is defined (up to normalization) by 

A(F) = n + —chi(F)2 
2 r 

where ch 2 (T) = —nch. 2 {Os), with s £ S and arbitrary closed point. For any vertical pure dimension 
two sheaf E with 


chi(£') = rD, ch 2 (£') = mS + If, ch 3 (£') = —nc\i‘j,{Ox) 


let 

Then note the following. 


5{E) = n -m(m — 1). 

r 


(4.8) 


Lemma 4.4. Let E be an uj-slope semistable pure dimension two sheaf on X with numerical 
invariants 

chi (FI) = rD, ch 2 {E) = mH + If, ch. 2 {E) = —nch.^{Ox) 

where r,l,m,n £ Z, r > 1, and x £ X is an arbitrary closed point. Suppose E is scheme theoretically 
supported on a reduced K3 fiber i : S ^ X. Then 6 {E) > 0. 

Proof. Obviously, E = i^.E for a torsion free sheaf on S. 

Suppose first that S is smooth. Then E is a;| 5 -slope semistable. According to Lemma 0211, 


chi(F) = mS + lf + 13 


where /3 £ H 2 {S, Q) is a curve class such that /3 • H = /3 • / = 0 . At the same time a ;|5 = -|- 2 s/, 

hence /3 ■ ui\s = 0. Then /3^ < 0 according to the Hodge index theorem. Since F is a;| 5 -slope 
semistable, it satishes the Bogomolov inequality, A(T) > 0, where 

A(F) = n - m{m - 1 ) + ^ = 5{E) + 

r 2 r 2r 

Since /3^ < 0, this implies the claim. 
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Next let S' be a singular KZ fiber. Suppose first that E is w-slope stable. Then it is scheme 
theoretically supported on S. Let Fe be the corresponding torsion free sheaf on S. Lemma 14.31 
shows that Fe is stable for a suitable ample class u on S, hence A{Fe) > 0. Moreover as shown in 
the proof of Lemma 14.31 there is an exact sequence 

0 ^ E ^ (t>^.FE ^ T 0 


with T zero dimensional. Setting 

ch3(L;) = -nch^iOx), c\i^{(j)^FE) = -n'c\i^{Ox) 

this implies n>n'. Furthermore, according to Lemma l4.2l ii. 

k 

choiFE) = r, chi{FE) = mE + lf + P + di 2 {FE) = -nc\i 2 {Os) 

i=\ 

with Pi ^ Q, n € h, n < n', and (3 G H 2 {S, Q) a curve class orthogonal to H, /, e* for all 1 < i < k. 
In particular ^ ■ oj = 0. Then 

1 1 ~ ” 

A{Fe) = n- + —(/3^ - 

i=l 

Since /3 • w = 0, the Hodge index theorem shows that < 0. Since h < n' < n, this implies the 
claim. 

To finish the proof, suppose E is strictly w-slope semistable. According to |28l Thm 1.6.7.ii], 
there is a Jordan-Holder filtration 


^ = Eq C El C ■ ■ ■ C Ej = E 

for slope semistability with j > 2. Each succesive quotient Ei/Ei^i, 1 < f < j, is cj-slope polystable, 
hence scheme theoretically supported on S. Therefore 5{Ei/Ei_i) > 0 for all 1 < i < j. Then the 
claim follows by a recursive application of Lemma 14.51 below. 

□ 


Lemma 4.5. Let 

El ^E^E2^11 

he an extension of nonzero pure dimension two sheaves such that Ei,E 2 are oj-slope semistable and 
set theoretically supported on finite unions of K3 fibers. Suppose that Pi^{Ei) = p^{E 2 ). Then 

5{E) > 5{Ei) + 5{E2) 
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Proof. Let 


chi(£'i) = nD, c\^ 2 {Ei) = mir. + kl 


for 1 < i < 2, where ri,r 2 > 1. Then 


5{E) - 6{Ei) - 6{E2) = d 


where 


^ _ (rim2 - r2mi) 
rir2{ri + r2) 


[(rim2 - r2mi) - {ril2 - r2^i)] . 


Let S' be a generic smooth K3 hber and H, / G Lf 2 (S, Z) the section, respectively hber class. Then 


2rir2(ri + r2) 


where 


a = ri(m2H + l2f) - r2(miH + hf). 

The slope equality Hui{Ei) = ^ui{E 2 ) is equivalent to a ■ = 0. Since S is smooth, the Hodge 


index theorem shows that < 0. This proves the claim. 


□ 


Lemma 4.6. Let E he an uj-slope semistable sheaf on X with numerical invariants 


chi(£') = rD, ch 2 (£') = mS + If, ch. 2 {E) = —nc\i 2 ,{Ox) 

where r,l,m,n € Z, r > 1, and x ^ X is an arbitrary closed point. Suppose E is scheme theoretically 
supported on a reduced K2> fiber l : S ^ X and there is an extension 

El ^E^E2^t) 

with Ei,E 2 nonzero pure dimension two sheaves with chi{Ei) = ViD, n G Z, n > 1, 1 < i < 2. 
Moreover suppose 



(4.9) 


Then 



(4.10) 


Proof. As in the proof of Lemma 14.51 let d : S' ^ X he a. smooth generic K3 fiber and 
S, / G H 2 {S',Z) the section and hber class respectively. Note that 


ch 2 {Ei) = 
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for Ui = + lif G H 2 {S', Z), 1 < i < 2 and 


6 {E) - 6{Ei) - 6iE2) =- 

where a = ria 2 — r 2 ai. Then Lemma 14.41 implies that 


a 


2rr\r2 


a 


2rrir2 


< 5{E). 


For simplicity let a 
yields 


oE + 6 /, a,b £ Z. The slope equality in (14.91) implies that a ■ 

6=2 a(l-i). 


0 , which 


Therefore 



Next note that a 7 ^ 0; if a = 0, one has 6 = 0 as well, hence a = 0, contradicting the second 
condition in (|4.9p . Therefore > 1 since a G Z. Moreover, 6 {E) > 0 according to Lemma [4.41 and 
1 < ri,r 2 < r. This implies inequality (14.101) . 


□ 


Lemma 4.7. Let E be an uj-slope stable pure dimension two sheaf on X with numerical invariants 


chi{E) = rD, ch 2 {E) = If, chsPF;) = -nchaPO^,), 


/,n,r G Z, r > 1. Suppose there exists t' G M, 0 < t such that E is not oj'-slope semistable, 
where uj' = t'Q — sp*Kb- Then 


t ^ 2 

s ^ l + r^6{E)' 


(4.11) 


Proof. Any sheaf E with chi(i?) = rD must be set theoretically supported on a finite union of 
iL3 fibers of X. Since E is w-slope stable, it must be scheme theoretically supported on a reduced 
irreducible fiber l : S ^ X. 

Let QE{t',t) denote the family of sheaves E' such that E' is a nonzero pure dimension two 
quotient of E, not isomorphic to E, and pLu)'{E') < n^/^E). According to Grothendieck’s lemma 
[28l 1.7.9], QE(t',t) is bounded. Any quotient E' of E is also scheme theoretically supported on S 
and has invariants of the form 


chi{E') = r'D, ch 2 {E')=m'E + l'f, ch^iE') =-n'ch^iO,,), (4.12) 

l',m',n',r' £ Z, r' > 1 . Since the family QEit',t) is bounded, the set of numerical invariants 
(r',m',1',n') of all sheaves in this family is finite. 
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t"Q — sp*Kb- For any 7 ' = {I', m', n', r') G r' > 1 let 


For any t" G M, t' < t" < t set 00 " 
rjy : [t', t] —)■ M be the linear function 

7y(t") 





Then note that for any sheaf E' with invariants (j4.12p one has 

Since E is w-slope stable and not w'-glope semistable, one has 


< 0 , rj'y'it) > 0 

for any sheaf E' in the family QE{t',t). Therefore is an increasing linear function of t" for any 
such sheaf . In particular there exists exactly one point t' < < t such that r}y(t{'y')) = 0. 

The set of all t{'y') associated to E' in is hnite. Let to be its maximal element and 

cjQ = toQ — sp*Kb- Then it will be shown below that E is strictly cjQ-slope semistable. 

Given the choice of to, one has rj-y'^to) > 0 for any quotient E ^ E' in QE{t',t). Moreover, 
there exists E'q in QE(t',t) such that pyito) = 0. Clearly, Eq cannot be isomorphic to E since 
tJ'w'iEo) < Pi^'{E). Hence the kernel Eq = Ker(S —» Eq) is nontrivial. This implies that chi(£^Q) = 
TqD, chi(£'Q) = TqD with rQ,rQ > 1. 

Given a quotient E ^ E' not in QE{t',t), one has 

r]y>{t') > 0 , h 7 '(^) > 0 - 

Since r/y is linear this implies that 7y(to) > 0, hence E' cannot destabilize E with respect to ojo- 
In conclusion E is indeed wo-slope semistable and there is an exact sequence 

^ Eq ^ E ^ Eq ^ 

such that pojoi^o) — l^ojoi^o) rQ,rQ > 1. Moreover, since E is w-slope stable one must have 

\ch2{E'Q) - ^ch2{E'') / 0 . 

Then Lemma HTl implies that Iq/s > ‘Ijii- + r^6{E)). 

□ 


4.1 Proof of Proposition 11.21 

Let (n, r) G Z X Z be fixed integers, n > 0, r > 1. For any j G Z, 1 < j < r, let 

j j 

Tj{n,r) = {((ni,ri),... {nj,rj)) G (Z x Z)^-’' | n* > 0, n > 1, 1 <i< j, ^ r* = r, = n}. 

i=l i=l 
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Then let r(n,r) = Ut^^rj(n,r). Clearly r(n,r) is a finite set. Let t € M, t > 0 be such that 
t/s € M \ Q and 

l<i<j, (4.13) 


t 2 

“ < 1 , 3 ^ 

s 1 + rfui 


for any element ((n*, G rj(n, r), and for all 1 < j < r. 

Let E be an w-semistable sheaf on X with numerical invariants 


chi(.E) = rD, ch 2 {E) = If, chs{E) = -nchsiOx), 
l,n,r € Z, r > 1. Then E is cu-slope semistable. Let 

0 = Eq C El C ■ ■ ■ C Ej = E (4.14) 

be a Jordan-Holder filtration of E with respect to w-slope stability. Let 

chi{Ei/Ei_i) = riD, ch.2{Ei/Ei_i) = rmE + kf, ch^iEi/Ei^i) = -nichs{Ox) (4.15) 


be the numerical invariants of the Lth successive quotient, where ri,li,ni G Z, r* > 1. Since 
t/sGM\Qa simple computation shows that 


mi = 0 , 



(4.16) 


for each 1 < f < j. Obviously, 

j j 

'^ri = r, y^ni = n 
i=l i=l 

Moreover, Lemma oi shows that 5{Ei/Ei^i) = n* > 0 for each 1 < i < j. Since t/s satisfies 
inequalities (j4.13p . Lemma 14.61 implies that each Ei/Ei-i is adiabatically w-slope semistable. Ac¬ 
cording to Lemma 12.111 this implies that each EijEi-i is generically semistable as in Definition 
[231 Let H he a. very ample divisor in B satisfying the genericity conditions in loc. cit. for E 
as well as for each successive quotient Ei/Ei-i. In particular Z = is a smooth elliptic 

surface which intersects the set theoretic support of E along a finite union of elliptic fibers. Then 
Lemma [2.61 implies that the filtration (j4.14p restricts to a filtration oi E\z with successive quotients 
{Ei/Ei-i)\z, 1 < i < j, and x{{Ei/Ei-i))\z = 0 for all 1 < i < j. Since each Ei/Ei^i is generically 
semistable, {Ei/Ei-i)\z is a zero slope semistable pure dimension one sheaf on Z. Hence E\z is 
also semistable, which means that E is generically semistable. Finally, Lemma [2.121 implies that E 
is adiabatically w-semistable. 


□ 
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